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Abstract 

We isolate a large class of self-adjoint operators H in L 2 (X) whose essential 
spectrum is determined by their behavior at x ~ oo and we give a canonical 
representation of a ass (H) in terms of spectra of limits at infinity of translations of 
H. The configuration space X is an abelian locally compact not compact group. 
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1 Introduction 



In this paper we continue the investigation of the spectral properties of quantum Hamil- 
tonians with C* -algebra methods on the lines of our previous work |GI4|. More pre- 
cisely, our aim is to study the essential spectrum of general classes of (unbounded) 
operators in L 2 (X), where X is a locally compact non-compact abelian group, by 
using crossed product techniques. For some historical remarks and comparison with 
other recently obtained results, see Subsections ll.2l and ll.4l 

1.1. We set SS(X) = B(L 2 (X)) and we denote U x the operator of translation by 
x G X and Vk the operator of multiplication by the character fc G X* (our notations, 
although rather standard, are summarized in Section[5J. We define t 

(1.1) f(I)={Tef(I) | lim || [T, ViM =0 and lim \\(U X - 1)T^\\ =0} 

fc-+0 x— >0 

which is clearly a C* -algebra of operators on L 2 (X) (without unit if X is not discrete). 
Besides the norm topology on c <o{X) we shall also consider on it the topology defined 
by the family of seminorms = \\S9(Q)\\ + ||6»(Q)5|| with G Cq(X) and we 
shall denote ^(X) the corresponding topological space (see Remark l?^ . Here 9(Q) 
is the operator of multiplication by 9 in L 2 (X). 

Our main result is a description of the essential spectrum of the operators T G 
in terms of their "localizations at infinity". We denote SX the set of all ultrafilters on 
X finer than the Frechet filter (cf. page!13>. 

Theorem 1.1 IfT G tf(X) then for each x G SX the limit lim^^ U X TU* = x.T 
exists in c (a s (X) an 

(1.2) a css (T) = \}„o(x.T). 

Note that x — > x should be read "x tends to infinity along the filter x". The limit 
operator x.T will be called localization at x ofT. Since an ultrafilter finer than the 
Frechet filter can be thought as a point on an ideal boundary at infinity of X, the 
operators x.T will also be called localizations at infinity ofT. 

We are mainly interested in the essential spectrum of unbounded self-adjoint opera- 
tors H "affiliated" to 'rf(X), but the corresponding result is an immediate consequence 
of Theorem ll.il We say that H is affiliated to some C* -algebra srf of operators on 
L 2 (X) if (p(H) G si for all ip G C (R) (for this it suffices to have (H - z)- 1 G si 
for one z G p{H)). For technical reasons we have to consider self-adjoint operators 
which are not necessarily densely defined and, in order to avoid confusions with the 
standard terminology, we shall call these more general objects observables. A more 
detailed presentation of this notion can be found in Subsection l2.2l For the moment we 
note only that an observable H is affiliated to ff(X) if and only if 

(1.3) lim ||[Vfe, (i? - z) _1 ]|| = and lim || (U x - l)(H - z^W = 

fe— +0 x^O 

t We make the following convention: if a symbol like T 1 '*) appears in a relation, then the relation must 
hold for the operator T and for its adjoint T* . 
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for some z 6 p{H). This follows from the fact that if T € 3§{X) is normal, then 

lim 11(17* - 1)T|| = lim \\(U X - 1)T*|| = 0. 

x^O x^O 

Theorem 1.2 Let H be an observable on L 2 (X) affiliated to ^(X). Then for each 
x 6 5X the limit x.H := lim*^^ x.H exists in the following sense: there is an ob- 
servable x.H affiliated to ^(X) such that liuix^^ U x p>(H)U* = ip(x.H) in C € S (X) 
for all ip £ Cq(R). Moreover, we have 

(1.4) a css (H) = \J x a{x.H). 

Practically we are interested only in the case when H is a self-adjoint operator in the 
standard sense. However, even in this case x.H could be not densely defined and quite 
often we have x.H — oo (i.e. the domain of x.H is {0}). For example, if H has purely 
discrete spectrum, then tp(H ) is a compact operator and we clearly get x.H = oo for 
all x. Since a(oo) = 0, we then obtain a css (H) = 0, as it should be. 

Remark 1.3 The observable H should be thought as the Hamiltonian (energy observ- 
able) of a physical system. Thus 11.41 says that the essential spectrum of the Hamilto- 
nian H can be computed in terms of the spectra of its localizations at infinity x.H . We 
emphasize that this notion of infinity is determined by the position observable Q. In 
other terms, if H satisfies Jl .31 then er css (H ) is given by its localizations in the region 
Q = oo. This property does not hold in many situations of physical interest (e.g. if 
magnetic fields which do not vanish at infinity are involved) because localizations at 
infinity with respect to other observables must be taken into account, see |GI3 1. 

Remark 1.4 It will be clear from the proof of Theorem ll.2l (see Lemma l5"3l and Propo- 
sition l5.10l that dl.4> remains valid if >*rruns over sets much smaller than SX: it suffices 
to take x G K if K C 5X has the property: if ip is a bounded uniformly continuous 
function on X and lim x ^^ ip(x + y) = for all y S X, x S /C, then ip G Cq{X). 

Remark 1.5 We mention the following immediate consequence of ( II -41 : two ob- 
servables affiliated to C &(X) have the same localizations at infinity, then they have the 
same essential spectrum. If the difference of the resolvents is a compact operator, then 
clearly they have the same localizations at infinity, but the converse is far from being 
true (e.g. see the example on page 531 from |GI4], where the essential spectrum is 
independent of the details of the shape of the function to). On the other hand, one may 
find in | GG2 1 criteria which ensure the compactness of the difference of the resolvents 
of two self-adjoint operators under rather weak conditions, e.g. an example from | GG2 
p. 26 ] is a general version of BLaSI Proposition 4.1]. 

Remark 1.6 The following remark is useful in applications: if H is an observable 
affiliated to ^(X) and if 6 : er(iJ) — > M is a proper continuous function, then 6(H) is 
affiliated to c i(X) and we have x.9(H) = 9(x.H) for all x e SX (see pagelTTV 

Remark 1.7 As explained in |GI4 p. 520], all our results extend trivially to the case 
when L 2 (X) is replaced with the space of L 2 functions with values in a Hilbert space 
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E: it suffices to replace the algebra A with A ® K(E). For example, Theorem 1 1.21 
remains valid without any change if L 2 (X) is replaced by L 2 (X; E), where E is finite 
dimensional, and ^(X) is defined exactly as before. Thus in applications we can 
consider differential operators with matrix valued coefficients, like Dirac operators. 

1.2. We give here the simplest applications of Theorems 11.11 and 11.21 a more detailed 
study and more general examples can be found in Section|4] 

Assume first that X is discrete. Note that in the particularly important case X = 1 n 
Theorem ll.ll has been proved in | RRS 1 1 (with a slightly different formulation and with 
quite different methods). Now we have 

(1.5) — {T £ S8(X) | Urn || [T,V k ] || = 0}. 

Since V k *U x Vk — k(x)U x we see that each operator of the form T = J^aex fa(Q)U a , 
with ip a S loo (X) and ip a ^ only for a finite number of a, belongs to 'rf(X). Clearly, 
we have x.T — 2~2 a ex( >c - l Pa){Q)Ua where the function x.(p a G £ oa (X) is defined by 
(xr.(/j a )(y) = lim^-yj,: ip(x + y). The Jacobi and CMV operators considered in ULaSI 
are particular cases of such operators T. 

Now we give three examples in the case X = R". We start with the Schrodinger 
operator. We denote by H s the Sobolev space of order s £ R associated to L 2 (M. n ). 
Note that A is the positive Laplacian. From Proposition ^. 121 we get: 

Proposition 1.8 Let W be a continuous symmetric sesquilinear form on Ti 1 such that: 

(1) W> — ii A — v as forms onTi 1 for some numbers /i < 1 and v > 0, 

(2) \im k ^ II [V k ,W] || =0. 

Let Hq be the self-adjoint operator associated to the form sum A + W and let V be a 
real function in Lj^R") such that its negative part is relatively bounded with respect 
to Hq with relative bound < 1. Then the self-adjoint operator H = Ha + V(Q) (form 
sum) is affiliated to ^(R™), hence the conclusions ofTheorem \1.2\ hold for it. 

This can be extended to a general class of hypoelliptic operators, cf. Proposition 
14.161 We present below a very particular case. 

Proposition 1.9 Let h : R" — > R be of class C m for some m > 1 and such that: 

(1) linifc^oo h(k) = +oo, 

(2) the derivatives of order mofh are bounded, 

(3) E H < m \h {a Kk)\<C(l + \h(k)\). 

Let Q = D(\h(P)\ 1 ' 2 ) be the form domain of the operator h(P) and assume that W 
is a symmetric continuous form on Q such that: 

(4) W > —fih(P) — v as forms on Q for some numbers fi < 1 and v > 0, 

(5) lim^o || [V k ,W] || e^e* =0. 

Let Hq — h(P) + W (form sum) and let V € Lj oc (R n ) real such that its negative part 
is relatively bounded with respect to Hq with relative bound < 1. Then the self-adjoint 
operator H = Hq + V(Q) (form sum) is affiliated to ^(M™), hence the conclusions of 
Theorem U .2\ hold for it. 
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Remark 1.10 If X is an arbitrary group, h : X ~ * K is continuous and satisfies 
\h(k)\ — > oo as k — > oo, and if V e L°°(X), then obviously h(P) + V(Q) is affiliated 
to ^(X) and so we can apply Theorem 1 1.21 In order to cover unbounded V without 
much effort a quite weak regularity condition on h is sufficient, see Proposition 14. 161 
and especially relation ( 14. 8> . We shall not try to optimize on this here. 

Finally, we consider a Dirac operator D. Let Ti = L 2 (M. n ;~E) for some finite 
dimensional Hilbert space E. We only need to know that D is a symmetric first order 
differential operator with constant coefficients acting on E-valued functions and which 
is realized as a self-adjoint operator on H such that the domain of | D \ 1 ' 2 is the Sobolev 
space Ti}/ 2 . Now from Corollary 14. 8l we get: 

Proposition 1.11 Let W be a continuous symmetric form on Ti 1 / 2 such that: 

(1) ±W < n\D\ + v as forms on H 1/2 for some numbers /i < 1 and v > 0, 

(2) lim fc ^ || [V k , W]\\ H y^ n -y2 = 0. 

Then the self-adjoint operator H = D + W, defined as explained on page \23\ is 
affiliated to ^(R"), hence the conclusions of Theorem U .2\ hold for it. 

Observe that condition (2) is trivially satisfied if W is the operator of multiplication by 
an operator valued function W : 1" — > 5(E). 

Remark 1.12 We emphasize that the conditions on the perturbation W in Proposi- 
tions [OI^^ is such that W can contain terms of the same order as A, h(P) or D 
respectively. For example, operators of the form 

— 2~2j k djdjkdk + singular lower order terms 

with ajk £ L°° such that the matrix (djk(x)) is bounded from below by a strictly 
positive constant are already covered by Proposition [O] See Example 14. 13l for much 
more general results. These examples may be combined with the Remark fl~6l to cover 
functions of operators, e.g. y/H if H > 0. 

1.3. Crossed products of C*-algebras by the action of X play a fundamental role in 
our proof of Theorem U. II but we have to stress that they are important for two dis- 
tinct reasons. First, they are in a natural sense C*-algebras of energy * observables 
(or quantum Hamiltonians), and hence they allow one to organize the Hamiltonians 
in classes each having some specific properties, e.g. the essential spectrum of the op- 
erators in a class is given by a "canonical" formula specific to that class (see (II. 6\ ). 
On the other hand, crossed products are very efficient at a technical level, their use 
allows one to solve a non-abelian problem by abelian means: the problem of comput- 
ing the quotient of a non-commutative C*-algebra £/ C 8§(X) with respect to the 
ideal J^(X) = K(L 2 (X)) is reduced to that of computing A/Co(X) where A is a 
C* -algebra of bounded uniformly continuous functions on X. 

The first reason mentioned above will be clarified by the later developments, but 
one may observe already now that the decomposition il.2\ is far from efficient. Indeed, 

t We emphasize "energy" because algebras of observables and crossed products were frequently used in 
various domains of the quantum theory in the last 50 years, but with different meanings and scopes than here. 
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its extreme redundancy becomes clear when we realize that many x give the same x .H 
(e.g. if the filters x and X have the same envelope then X.T = x.T, see page !15t and 
many more give the same cr(x.H) (e.g. X.T — U x x.TU* if X is the translation by 
x E X of x). 

Thus at a qualitative level ( II. 2\ is not very significant, it does not say much about 
<j css (H), at least when compared with the TV-body situation where the HVZ theorem 
has such a nice physical interpretation that you can predict it and believe it without 
proof. 

In order to partially remediate this drawback we consider smaller classes of Hamil- 
tonians. The following framework, introduced in [GI4|, gives us more specific informa- 
tion about a ess (H). Let C(X) be the C*-algebra of all bounded uniformly continuous 
functions on X and Coo(X) that of continuous functions which have a limit at infinity 
(in the usual sense). 

Definition 1.13 An algebra of interactions A on X is a C*-subalgebra of C(X) which 
is stable under translations and which contains C ao (X). The C*-algebra of quantum 
Hamiltonians of type A is the norm closed linear space si = A xi X C 3§(X) 
generated by the operators of the form ip(Q)ip(P) with ip £ A and ip £ Cq(X*). 

We have denoted <p(Q) the operator of multiplication by ip in L 2 (X) and ip(P) be- 
comes multiplication by i/j after a Fourier transformation. The Propositions 13.31 and 
13 .41 explain why we think of si as a C*-algebra of Hamiltonians. For example, if 
X = M™, the self-adjoint operators of the form A + Yjk=i a k( x )@k + clo( x ) with 
dj £ A °° (functions in A with all derivatives in .4) generate si ', It turns out that si is 
canonically isomorphic with the crossed product of A by the natural action of X, which 
explains the notation A x X and the relevance of crossed products in our context. 

Remark 1.14 Note that the definition and the quoted propositions tend to give the 
impression that the algebra si is rather small. But this is wrong, si is much larger 
than expected. For example, C(X) x X — ^(X) and we shall see in Section@]that the 
set of self-adjoint operators affiliated to C €{X) is very large. Other examples are the 
TV-body algebra and the "bumps" algebras. In fact, we may summarize our approach 
as follows: we first isolate a class of elementary Hamiltonians, these being the simplest 
operators we would like to study, but our results concern all the operators affiliated to 
the C*-algebra they generate, which happens to be a crossed product and is very rich. 

In order to state the next consequence of Theorem 1 1.1 1 we have to introduce some 
new notations. Let a(A) be the space of characters of the abelian C*-algebra A. Then 
a(A) is a compact topological space which contains X as an open dense subset, so 
6(A) = v{A) \ X is a compact space. We shall adopt the following abbreviation: 
H £' stf means that H is either an element of the algebra s/ or an observable affiliated 
to sf. If H is an observable affiliated to stf then U X HU* is also an observable affiliated 
to si and we have ip(U x HU*) = U x ip{H)U* for tp £ C (K). By "continuity" of 
a map u(A) 3 x i— > x.H £' ^ S {X) whose values are observables we mean that 
cr(A) 3xi-^ ip(x.H) £ 'rfs(X) is continuous for all p> £ Cq(R). 
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Theorem 1.15 If H e' si then the map X 3 x i— > U X HU* €' extends to a 
continuous map o(A) 9 x i— > x.i? G' ^ s (X) one/ we /lave 

(1.6) cr css (H) = UxeS(A)v(>t.H). 

Remark: To see the connection between this and Theorems 11.11 and 11.21 we recall 
that an ultrafilter finer than the Frechet filter is the same thing as a character x of 
the algebra of all bounded functions on X such that x(tp) = if cp £ Cq(X) (see 
Subsection l2.5t . Moreover, if X is a second such ultrafilter and x((f) = X((p) for all 
ip £ C(X), then x.H = X.H for all H e' 1f(X), thus the union in O) and Ol may 
be taken in fact over yt G S(C(X)). We emphasize that, although Theorem ll.l5l seems 
stronger than Theorems l 1 . 1 l and l 1.21 it is in fact an immediate consequence of Theorem 
ll.lK iust "abstract nonsense", see Subsection l5.3l for details). Note also that ( II .61 is a 
canonical decomposition of the essential spectrum of H, all the objects in the formula 
being canonically associated to A. The representation il.6i is further discussed in 
Subsection l5.3l see page!32l 

Remark 1.16 We mention that, by using a more involved algebraic formalism as in 
|GI4|, one can obtain partial, but often relevant, information concerning the essential 
spectrum of H as follows. Let J be an X-ideal such that Co(X) C J C A and let 
J? = J ~aX (we use here notations and results from |GI4|). Then J(f{X) c/crf 
and J! is an ideal in sii ', so the image Hj of H is well defined as observable affiliated 
to the quotient algebra / Ji . By using the natural surjection «e/ / Jff(X) — > srf / J> 
we clearly get a(Hj) c cr ess (H). In this argument J? need not be a crossed product, 
but if it is, we can use si / J! = (A/ 'J) xi X to get a concrete representation of Hj. 

1.4. This subsection is devoted to some historical comments and a discussion of some 
related results from the literature. 

Theorem ll.ll was announced in the preprints llftl IGI2I . see Theorems 1.3 and 4.2 
in | Ift | and Theorem 4. 1 and Corollary 4.2 in IGI2I . In fact, the theorem was stated in 
a stronger form, namely we assert that the union in i ll ,2b is already closed. Moreover, 
some nontrivial applications are stated at page 149 of |GI5|. The closedness of the 
union in ( II. 21 as well as more explicit applications of Theorem ll.il will be discussed in 
the second part of this paper. However we show here that the union in II .61 is closed 
for some special algebras A when the result is far from obvious (Section|6j. 

The main idea of the proof of Theorem 11.11 we had in mind at that moment is 
presented at BGI2I p. 30-31] and it has to be combined with the two main points of the 
algebraic approach we used in that paper, namely: 

(1) If ft is a Hilbert space then the quotient algebra B{ft)/K(ft) is a C*-algebra 
and, if T is the projection of T € B(ft) in the quotient, then a css (T) = a{T ). 

(2) We have K (L 2 (X)) = Cq(X) xi X and if A is an algebra of interactions then 

(1.7) (A xi X)/(C Q (X) x>X)^ (A/C (X)) x X. 

If T € A M X the isomorphism 1 1 .7i allows as to reduce the computation of T to an 
abelian problem and hence to deduce T = {x-T)^ e s(A) <= llxe«(^.) ^PO- 
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The preceding strategy requires a lot of abstract machinery and is not adapted to a 
purely Hilbert space setting. For example, the isomorphism II. 7> is a consequence of 
the fact that the functor A *—> A x X transforms short exact sequences in short exact 
sequences, an assertion which does not even make sense if we fix the Hilbert space on 
which the algebras are realized. 

Instead, in the present paper we decided to avoid step (2) of this strategy and to base 
our arguments on a beautiful theorem due to M. B. Landstad |Lan| which gives an in- 
trinsic characterization of crossed products. We feel that this makes the argument more 
elementary and gives deeper insight into the matters treated here. In fact, we could now 
avoid completely going out from the purely Hilbert space setting (in particular, forget 
about the step (1) above), but this does not seem to us a natural attitude and we finally 
decided to adopt a median approach. 

It is remarkable that ^(X) as defined in II. 1> is precisely the crossed product 
C(X) x X. Initially, this fact was proved by direct methods in the case X = M™ in 
I5G2I (because of this Theorem 4.1 from llCT2l was stated only for X = W l ). The 
general case follows in fact immediately from Landstad's theorem. 

We make now some comments concerning other papers with goals similar to ours. 
We note first that, in the particular case X = Z n , Rabinovich, Roch and Silberman 
IRRSU discovered Theorem ll . ll before us and proved it with no C* -algebra techniques 
(in Remark r3.18l we explain why II. 5> is just their algebra of "band dominated oper- 
ators"). It seems that they realized the fact that their algebra in the case X = Z is a 
crossed product only in |RRR| (this fact is a particular case of |GI4 Theorem 4.1]). In 
IRRS1I and in subsequent works IRabl IRRS 1 1 IRRS2I (see also IRRS2I for references 
to earlier papers) these authors use a discretization technique in order to treat pertur- 
bations of pseudo-differential operators in L 2 (M. n ). They get relations like (II. 4> and 
show that in some situations the union is already closed. We learned about these works 
quite recently thanks to a correspondence with Barry Simon who sent us a copy of the 
paper | Rab | ; this explains why the above references were not included in our previous 
works on this topic. 

Y. Last and B. Simon obtained in ILaSI relations like (II .4-1 for large classes of 
Schrodinger operators on R n and their discrete versions (Jacobi or CMV operators). 
Their proofs involve "classical" geometrical methods (localization with the help of a 
partition of unity). 

We emphasize that many people working on pseudo-differential operators have 
been led to consider C* -algebras generated by such operators and to describe their 
quotients with respect to the ideal of compact operators: in fact, this is one of the most 
efficient ways to define the symbol of an operator (see | CMS | for example). Much more 
specific and relevant with respect to our goals is the work of H. O. Cordes (see | Cor | 
for a review). For example, the C*-algebra generated by a hypoelliptic operator and 
by the algebra of slowly oscillating functions and the computation of its quotient with 
respect to the compacts seem to have been considered for the first time in M. Taylor's 
thesis (see |Tay Theorem 1]). For more recent work on these lines, we refer to | Nis |. 

We mention that a rather different class of "C* -algebras of Hamiltonians" appear 
in the work of J. Bellissard on solid state physics IBef1 lBe2l : he fixes a Hamiltonian 
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H and considers the C*-algebra generated by its translates. Since these algebras are 
not crossed product and do not contain compact operators in general, our techniques 
cannot be used in his setting. 

The origin of our approach can be traced back to the algebraic treatment of the TV- 
body problem from BBG1I BG2 1 (where the HVZ theorem and the Mourre estimate are 
proved in an abstract graded C* -algebra framework for a very general class of iV-body 
Hamiltonians). The role of the crossed products was pointed out in | GI2l IGI3 1 IGI4 1 and 
a treatment of the TV-body problem along these lines is presented in I DGlllI)G*2"llDG3l . 
Various applications and extensions of the crossed product technique can be found in 
I AMPl ICTanl IMPRI IRicI IRod I and references therein. 

Our interest in localizations at infinity of a Hamiltonian was initially motivated by 
our desire to go beyond the iV-body problem and to consider general (phase space) 
anisotropic systems | Gil Ift|. Indeed, in the TV-body case there is a lot of supplemen- 
tary structure which makes the theory simple and beautiful (cf. Subsection 16. 5\ . but 
this structure has no analogue in other types of anisotropy. We first found that the C*- 
algebra techniques are quite well adapted to the study of Hamiltonians with Klaus type 
potentials, see IGI2I FGI4 1 and also Subsection l6.4l here for a treatment in the spirit of 
Theorem ll.il We finally realized that the relation Jl .7i . which is the main point of the 
algebraic approach that we used, predicts in fact the description il .41 of the essential 
spectrum of H in terms of its localizations at infinity. 

The paper | HeM | played an important role in our understanding of this fact. In- 
deed, B. Helffer and A. Mohamed prove there that the essential spectrum of a magnetic 
Hamiltonian (P — A) 2 + V is the closure of the union of the spectra of some limit 
Schrodinger operators. Their proof is based on hypoellipticity techniques and the re- 
sult is already interesting if the magnetic field is not present. The class of potentials 
they consider is quite large, but the function V has to be bounded from below and to 
satisfy some regularity conditions. These assumptions imply that the limit operators 
have only polynomial electric and magnetic potentials, which is easily explained in our 
framework, see [GI5 Proposition 3.13]. 

1.5. Plan of the paper. Our purpose being to emphasize not only the power but 
also the simplicity of the C*-algebra techniques, we made an effort to make the paper 
essentially self-contained and easy to read by people working in the spectral theory of 
quantum Hamiltonians and with little background in C*-algebras. 

We could have written a 20 page paper (including complete and detailed proofs) 
but which would have been accessible mostly to people with no interest in spectral 
theory and whose first question would have been "why should anybody be interested 
in an assertion like Theorem ll.ir . Instead, we have chosen to present in some detail 
most of the tools which are not standard among peoples which could be interested in 
the subject. In particular we give in an Appendix a simple and self-contained proof 
of Landstad's theorem (Theorem 13. 7> which plays such an important role in our ar- 
guments. We also give a lot of explanations concerning filters and ultrafilters, things 
which would seem trivial to somebody working in topology (but the chance that such 
a person looks through this paper is so small, that we decided to neglect it). 

In Section |3 we introduce our notations and make a resume of what we need con- 



9 



cerning (ultra)filters and their relation with the characters of some abelian C* -algebras. 
In Section [5] we introduce crossed products in the version we need and we point out 
several useful consequences of Landstad's theorem. This replaces the much more ab- 
stract arguments from |GI2 GI4|, since we remain in a purely Hilbert space setting, 
but also gives stronger and more explicit results in applications. Section|4]is devoted 
to criteria of affiliation to the algebra 'tf(X), we show there that this algebra is much 
larger than one would think at first sight. 

In Section [5] we prove our main result, Theorem 15.111 Finally, in Section [5] we 
consider three algebras of quantum Hamiltonians, those which seem the most interest- 
ing to us. The first one 'f(X) is generated by slowly oscillating potentials and is the 
simplest non trivial algebra of Hamiltonians since it is defined by the property that if 
H is affiliated to 'f(X) then all its localizations at infinity are free Hamiltonians (i.e. 
functions of the momentum). The second one is the algebra associated to a sparse 
set and it is remarkable because the localizations at infinity of the Hamiltonians af- 
filiated to it are two-body Hamiltonians and thus their essential spectrum has a quite 
interesting structure. The third one is, of course, the iV-body algebra, or rather a more 
general and geometrically natural algebra that we call Grassmann algebra, an object 
of a remarkable simplicity, richness and beauty. The final subsections are devoted to 
some remarks of a different nature on the localizations at infinity of Hamiltonians of 
the form h(P) + v(Q) with v (Q) relatively bounded with respect to h(P). 

Acknowledgments: It is a pleasure to thank Barry Simon for stimulating correspon- 
dence and for sending us a copy of the paper |Rab|. We are also indebted to Francoise 
Piquard and George Skandalis for helpful discussions. 

2 Preliminaries 

In this section we describe our notations and recall facts needed in the rest of the paper. 

2.1. If X is a locally compact topological space then Coo(X) is the C*-algebra of 
continuous functions which have a limit at infinity and Cq(X) is the subalgebra of 
functions which converge to zero at infinity; thus Coo(X) = C + Cq{X). Let C C (X) 
be the subalgebra of functions with compact support. If g/ is a C* -algebra then we 
similarly define Cq(X: srf) for example, which is also a C*-algebra. If X is compact 
we set C(X; srf) = C (X; stf) and C(X) = C(X; C), which does not conflict with the 
notation J2. lQi because the continuous functions on X are uniformly continuous. 

The characteristic function of a set S C X is denoted I5. 

2.2. If H is a Hilbert space then B(H) and K{Tl) are the C*-algebras of bounded and 
compact operators on Ti respectively. The resolvent set, the spectrum and the essential 
spectrum of an operator S are denoted p(S), <r(S) and <j ess (,S) respectively. 

By morphism between two C*-algebras we understand *-homomorphism. An ideal 
in a C*-algebra is assumed to be closed and two-sided. 

An observable is a linear operator H : D{H) — ► fi such that HD(H) C JC, where 
JC is the closure of D(H) in fi, and such that H when considered as operator in JC is 
self-adjoint in the usual sense. A trivial observable which, however, is quite important, 
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is the unique observable whose domain is equal to {0}; we shall denote it oo. One has 
to think that H is equal to oo on K and for this reason we set <p(H) = on K. if 
p G Cq(M). Note that we keep the notation (H — z)^ 1 for the resolvent of H in H but 
(H - z)- 1 = Oon/C^. 

If ^ C B(H) is any C*-subalgebra then an observable H is said to be affiliated to 
& if (H - z)- 1 G for some z G p(H). Then ip(H) G # for all 93 G C (K). 

It is theoretically much more convenient to define an observable affiliated to as 
a morphism H : C (R) — > & and then to set H((p) = p(H). We refer to IGI4I p. 
522-523] for a resume of what we need and also to | DG3 1 for comments on this notion 
which should not be confused with that introduced by S. Baaj and S. L. Woronowicz 
(in I ABG Sec. 8.1] one can find a systematic presentation of this point of view). 

We recall two definitions which make the transition from Theorem ll.ll to Theorem 
ll.2l trivial. The spectrum of the observable H is the set 

(2.8) a(H) = {A G K | tp G C (M) and p{\) ^ => <p(H) ^ 0}. 

Let JfT = n K(H), this is an ideal in c € . Then the essential spectrum of H is the set 

(2.9) a css {H) = {X G R | ^ e C (M) and i/j(A) ^ =4> y>(i3") ^ JT}. 

We also note that any morphism it : H — > ^ between two C* -algebras extends in a 
trivial way to a map between observables affiliated to ^€ to observables affiliated to 38. 
Indeed, it suffices to define ir(H) by the condition (p(ir(H)) = ir((p(H)). For example, 
if 7r : 'rf — * <€ I J€ is the canonical morphism of ^ onto the quotient algebra ^ '/ ' Jfc ', 
we have <r css (H) = a{ir(H)). 

Finally, we mention one more immediate consequence of the definition of an ob- 
servable in terms of morphisms, cf. I A BGI p. 370]. We shall use the easily proven 
fact that (p(H) depends only on the restriction of ip to the closed real set cr(H). Let 
6 : <t(H) — > K be continuous and proper (i.e. |0(A)| — > 00 if |A| — > 00). Then the ob- 
servable 9(H) is well defined by the rule <p(6(H)) = (<p o 6) (H) for <p G C (K) (if H 
is a self-adjoint operator then 0(H) is just the operator defined by the usual functional 
calculus). Clearly: if H is affiliated to c €, the observable 9(H) is also affiliated to % '. 

2.3. We describe now objects and notations from the harmonic analysis on groups. 
Everything we need can be found in |Fol| or |FeD|; see also | Wei | . 

Let X be an abelian locally compact group (with the operation denoted additively) 
equipped with a Haar measure dx. We abbreviate 3§(X) = B(L 2 (X)), J€(X) = 
K(L 2 (X)) and note that these are C*-algebras depending on X and not on the choice 
of the Haar measure. Other such C*-algebras are L°°(X), Coo(X), C Q (X) and the 
C* -algebra of bounded uniformly continuous functions on X, which plays the most 
important role in what follows: 

(2.10) C(X) = {tp : X — > C I <p is bounded and uniformly continuous }. 

In order to avoid ambiguities, if is a measurable function on X then we denote p(Q) 
the operator of multiplication by <p in L 2 (X) (the symbol Q has no operator meaning). 
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By using this map we identify the algebra L°°{X) and its C*-subalgebras with C*- 
subalgebras of 3§(X), in particular we always embed 

(2.11) C (X) c C X (X) c C(X) c ^(X). 

Note that the C*-algebra £ OQ (X) of all bounded functions on X cannot be embedded 
in SS{X) (neither can the C*-algebra B(X) of bounded Borel functions). 

Let X* be the set of characters of X (continuous homomorphisms k : X — > C 
with \k(x)\ — 1) equipped with the locally compact group structure defined by the 
operation of multiplication and the topology of uniform convergence on compact sets. 
We denote the operation in X* additively and its neutral element by 0, as in |Wei 
ch.II, §5] (this convention looks rather strange if X = Z n , for example). If X is a 
real finite dimensional vector space then X* is identified with the vector space dual 
to X as follows: let (• , • ) : X x X* — > M be the canonical bilinear map and take 
k{x) — Q l ( x > k ) . In fact, the field of real numbers can be replaced here by an arbitrary 
non-discrete locally compact field, see |Fol page 91]) and [Wei ch.II, §5]. We recall 
that the dual group (X*)* of X* is identified with X, each x E X being seen as a 
character of X* through the formula x(k) = k(x). 

The Fourier transform of u G L X (X) is the function Tu = u : X* — > C given by 
u (k) = J x k(x)u(x) dx. We equip X* with the unique Haar measure dfc such that T 
induces a unitary map T : L 2 (X) — > L 2 (X*). From = T* we get (T^ 1 v)(x) — 
f x , k(x)v(k) dfc for v € L 2 (X*). By taking into account the identification X** = X, 
the Fourier transform ofipE L X (X*) and the Fourier inversion formula are 

(2.12) $(x)= / ~k(xj4>{k)dk and ip(k) = [ k(x)^(x)dx. 

Jx* Jx 

For each measurable ip : X* — > C we define the operator ip(P) on L 2 {X) by ip(P) = 
T* M^T, where is the operator of multiplication by ip in L 2 (X * ) . In particular, the 
restriction to L° C (X*) of the map tp i— > ip(P) is injective and gives us C*-subalgebras 



(2.13) C {X*) c L°°(X*) c S§{X). 

Let {U x } xe x and {Vk}k£X* be the strongly continuous unitary representations of 
X and X* in L 2 (X) defined by (U x f)(y) - f(x + y) and (V k f)(y) = k(y)f(y) 
respectively. Note that U x and 14 satisfy the canonical commutation relations 

(2.14) U x V k = k(x)V k U x . 

Observe that we have U x — x(P) if x G X is identified with the function fc i— > k(x) 
and similarly V k = k(Q). Also, we have, cf. J2.12> : 

(2.15) ^{P) = J U x $(x)dx if ^EL^X). 

2.4. We summarize here some facts we need concerning filters, cf. IBoullHiSllSaml . 
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A filter on X is a family f of subsets of X which does not contain the empty set, is 
stable under finite intersections, and has the property: GDFef 4>Gef (the empty 
set is a filter!). If Y is a topological space and 8 : X — -> Y is any map, then limj 8 = y 
means that (9 _1 (V) G f if V is a neighborhood of y. We shall often write lim^^t 6{x) 
instead of lim* 8 for reasons which will become clear later on. 

If f,0 are filters and f C Q then Q is said to be finer than f. An ultrafilter is a 
maximal element in the set of all filters on X for this order relation. If x G X then 
the family of sets which contain x is the ultrafilter determined by a;. A filter f is an 
ultrafilter if and only if for each Ac X one has A G f or A c = X \ A G f . 

Ultrafilters are important because of the following property: if f is an ultrafilter and 
8 : X — ► Y is an arbitrary map with values in a compact space Y, then lirxit 8 exists. 
This fact will become clear after the explanations in Subsection l6.3l 

The space 7 AT of all ultrafilters on X is a compact space for the topology defined 
as follows: the map f i— ► {x G 7 A \ x D f} is a bijection from the set of all filters 
on X onto the set of all closed subsets of jX. Thus one should think that a filter is a 
closed subset of jX. Another description of this topology will be given later on. The 
compact topological space 7 A is the discrete Stone-Cech compactification of X and it 
is characterized by the following universal property: ifY is a compact space then each 
map 8 : X — > Y has a unique extension to a continuous map 8 : 7 A — > Y . Since this 
property is important for us, we shall further discuss it in Subsection l6.3l see page!37l 

The set X is identified with an open dense subset of 7 A (to x G X one associates 
the ultrafilter determined by x) and the topology induced by 7 A on X is the discrete 
topology. However, the space 7 A \ X is much too large for our purposes, the only 
ultrafilters of interest to us belong to the compact subset of 7 A defined by 

(2.16) 5X — {x | x is an ultrafilter finer than the Frechet filter}. 

We call Frechet filter the filter consisting of the sets with relatively compact comple- 
ment (this is not quite standard). This filter depends on the locally compact non com- 
pact topology given on X. In view of the standard meaning of the notation linx^oo it 
is natural to denote by oo the Frechet filter. As explained above, one should think of 
oo as a certain compact subset of 7 A and then we have in fact oo = SX. 

2.5. We shall explain now the relation between filters and characters of certain abelian 
C*-algebras. If A is such an algebra we denote a(A) the space of characters of A (a 
character is a non zero morphism A — > C) equipped with the weak* topology. This is 
a locally compact topological space which is compact if and only if A is unital. 

Let B be a unital abelian C* -algebra and let A C B be a C*-subalgebra which 
contains the unit of B. Then each character of £3 restricts to a character of A and each 
character of A is obtained in this way. This gives a canonical map tt : cr{B) — * a(A) 
which is continuous and surjective and if we define in a(B) an equivalence relation 
x ~ X by the condition x(S) — X(S) V5 G A, the compact topological space a{A) is 
just the quotient of u{B) with respect to this relation. 

In particular, a map f : o~{A) — > Y is continuous if and only if f on : u{B) — > Yis 
continuous, where Y is an arbitrary topological space. 

Let iooi^X) be the C*-algebra of all bounded functions on X. Then the space of all 
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characters of loo(X) can be identified with the space jX of all ultrafilters on X: 

(2.17) 1 X = a(£ oc (X)). 

Indeed, the map which associates to an ultrafilter f the character ip \— ► Unit ip is a 
homeomorphism and the inverse map associates to the character x the ultrafilter f = 
{F C X | x(l f) = 1}- From now on we shall identify f and x, so an ultrafilter is the 
same thing as a character of £oo(X), and we shall work with the interpretation which 
is most suited to the context. We also set x(F) — x(l f) for Fcl. Then 

(2.18) 5X = {x £ jX | x(K) = VK CX compact }. 

The algebras A that we consider are unital subalgebras of £ 00 (X), thus their char- 
acter spaces a(A) are quotients of -yX. In other terms, we can view the characters of A 
as equivalence classes of ultrafilters: if x is a character of A, then there is an ultrafilter 
f such that x(<p) = lirrif <p for all p £ A, and in fact there are many such ultrafilters. 

For the algebras which are of interest for us we always have 

(2.19) CoopQ C A C C(X) c l x (X) 

Then X is identified with an open dense subset of a (A) and the topology induced by 
<j(A) on X coincides with the initial topology, so <r(A) is a compactification of the 
locally compact space X. Thus 

(2.20) 5(A) = a (A) \X = {x£ a (A) \ x(<p) = Vtp £ Co(X)} 

is a compact subset of cr(A), the boundary of X in the compactification a (A). The 
uniform compactification f3 u X of X is defined by the largest algebra C(X): 

(2.21) f3 u X = a(C(X)), 5 U X = (3 U X \ X = 5(C(X)). 

Later on we shall explicitly describe the equivalence relation in "fX which defines (3 U . 

We are interested only in the boundary 5(A) of X in a (A). We show now that this 
is a quotient of 5X. 

Lemma 2.1 Let f be an ultrafilter on X and let x be the character of A defined by 
x((p) = lirrif ip. Then x e 5(A) if and only iff G 5X. 

Proof: If f is an ultrafilter and Y C X then there are only two possibilities: either 
Y £ f , and then X\Y ef hence Y n Z = for all Z £ f , or Y e f , and then the sets 
YnZ with Z £ f form an ultrafilter on Y. If f is not finer than the Frechet filter then 
there is a set with compact complement Y which does not belong to f , and so Y £ f . 
Since any ultrafilter on a compact set is convergent, we see that there is y £ Y such 
that f contains the filter of neighbourhoods of y. But then clearly limt ip — (p(y) for 
any continuous function ip, hence the character x(p) = lirrif ip is just y and does not 
belong to 5(A). On the other hand, if f £ 6X then clearly x £ 5(A). H 

Thus the characters x £ 5(A) are equivalence classes of ultrafilters f £ 5X. In 
general, we do not distinguish between a character and the elements of the equivalence 



14 



class of ultrafilters which define it. However, when needed for the clarity of the argu- 
ment, we shall use the map 8 which sends an element into its equivalence class. More 
precisely, from j2.19> we see that there are canonical surjections 

(2.22) SX -> 8 U X -> 8(A) -> {00} 

and all of them (and their compositions) will be denoted 5. Here 00 is the Frechet filter 
and we have 8(Coo(X)) = {00}. 

2.6. The space f3 u X is the quotient of 7X given by an equivalence relation that we 
describe now (see I Sam p. 121]). If f is a filter then its envelope is the filter f° generated 
by the sets F + V where F G f and V belongs to the filter of neighbourhoods of the 
origin (observe that the sets F+V, with V an open neighborhood of the origin, are open 
and form a basis of f°). Note that f D f° and (f°)° = f°. Two filters are u-equivalent 
(uniformly equivalent) if they have the same envelope. 

The quotient of jX with respect to this relation is (3 U X. We shall give a complete 
proof of this assertion since in |Sam| the C*-algebra point of view is not explicitly 
considered. The following simple fact will be useful for other purposes too. 

Lemma 2.2 Let if : X — > C be uniformly continuous and let f be a filter on X. 

(1) lirrij; ip exists if and only j/limto tp exists and in this case they are equal. 

(2) If liirij.^.f (p(x + y) = £(y) exists for each y S X then the limit exists locally 
uniformly in y and £ is a uniformly continuous function. 

Proof: To prove (1) it suffices to show that limp ip = if lira* <p = 0. For e > 
let F £ be the set of points where |y(x)| < e. We have F £ E J and if we choose a 
neighborhood V of the origin such that \<p(x) — <fi(y)\ < £ if x — y E V, then for 
x E F e + V we have \<p(x)\ < 2e hence F 2e E f°. 

Now we prove (2). Set u)v{<p) = s\xp y _ ze y \<p(y) — <p{z)\ if V is a neighborhood 
of the origin. Then (p is uniformly continuous if and only if for each e > there is V 
such that <jJv(<p) < £■ Clearly u>v(£) < wy((/)), so ^ is uniformly continuous. Now 
let V be open and let K be a compact set. Then K is covered by the open sets x + K, 
x E K, hence there is Z C K finite such that K C {J ze z( z + V)- Thus for each 
y E K there is z E Z such that y E z + V and then \ip(x + y) — cp(x + z)\ < wy(ip) 
for all a; E X. Then we have: 

\<P(x + y)-£(y)\ < \<p(x + y)-<p(x + z)\ + \(p(x + z)-Z(z)\ + \Z(z)-£(y)\ 

< uj v {tp) + \tp(x + z)-i{z)\+t J j v {e) 

< 2uv(<p) + \<p(x + z)-t(z)\. 

Since Z is finite, there is F G f such that \<p(x + z) — ^ e /3 for all x E F and 
z E Z. Then we choose V such that wy(y>) < e/3 and we get \ip(x + y) — < e 
for all x E F and y E K. H 

Lemma 2.3 Assume f = f where f is a filter on X. Then for each F E f there is an 
open subset G E f of F and a function 6 E C(X) such that 9 = 1 on G and 9 = on 
F c = X\F. 
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Proof: Note first that the open sets from f form a basis of f. Clearly there is an open 
G € f and an open, relatively compact neighborhood of the origin U such that G + 
(U - U) C F, so denoting A = G - U we shall have A + U C F. We then 
set 9 = PI^Ia * lu, so for each x e X we have 9{x) = \U\- 1 \An (x - U)\. For 
a; S G,x-U C Athus6>(ir) = | C-T| — 1 |ar — t^j = 1, and for x <£ A+U,Af](x-U) = 
hence 6(x) = 0. But A + U C F, thus 9 — on F c too. Finally, from 

\\u * v||l°o < |MU°° and ||a;.(u * u) — it * w||loo < \\x.u — u\\li ||v||i=° 

we get L X (X) * L°°(X) c C(X), hence 9 e C(X). ■ 

Proposition 2.4 Lef X foe ultrafilters on X. Then k° — X° if and only if tt(ip) = 
X(ip)for each ip 6 C(X). 

Proof: The "only if" part follows from x((p) = lim^ ip = lim^o if = lim^o ip — 
lim^ ip — X(<p) , the second and the fourth equality being consequences of Lemma l2!2l 
Conversely, let u° ± X° . Then there isf€x° such that F £ X° C X, hence F c € X 
because X is an ultrafilter. Let now G and 9 be as in Lemma l231 Since G G x° C x 
we have x(l G ) = 1, thus x(l G ») = 0. Hence = x(91 G ) + x{9\ G .) = 1 + 
x(0)x(l G c) = 1. On the other hand, F c £ X implies X(1 F °) = 1 and 91 F c = 0, thus 
= X{91 F <) = X(9)X{l F c) = X(9). ■ 



3 Crossed products 

In this section we recall some facts concerning crossed products and point out some 
properties important for our later arguments. A locally compact non compact abelian 
group X is fixed in what follows. 

We shall say that a C* -algebra A is an X -algebra if a homomorphism a : x ^ a x 
of X into the group of automorphisms of A is given, such that for each A E A the 
map x I— ► a x (A) is norm continuous^. An X-subalgebra of A is a C*-subalgebra 
that is left invariant by all the automorphisms a x . An X -ideal is an ideal stable under 
the a x . If (A, a) and (B,(3) are two X-algebras, a morphism <j> : A — > £> is called 
X-morphism if 0[a x (A)] = ^[(^(A)] for all a; e X and A e A. 

We shall not need the abstract definition of the crossed product A XI X of an X- 
algebra ^4 by the action of X. We mention only that A X X is a C* -algebra uniquely 
defined modulo a canonical isomorphism by a certain universal property (see | Rae | for 
example) and that the correspondence A A >t X has certain functorial properties 
(see | GI5 1) which play an important role in | GI4 1 but will not be used here. On the other 
hand, the following concrete realization of A x X for certain A will be important. 

There is a natural action of X on L°°(X) by translations {r x p)(y) = ip(y + x) 
and it is clear that x i— > r x p S L°°(X) is norm continuous if and only if (p S C(X). 
Thus C(X) becomes an AT-algebra and we will be interested only in crossed products 
Axi X with A an AT-subalgebraof C(X), i.e. a C*-subalgebra stable under translations. 

t The terminology "C* -dynamical system" used by some C -algebra theorists seems to us extremely 
confusing in our context, even if X is K or Z, so we shall not use it. 
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In many cases we shall slightly simplify the writing and set x.ip = r x ip. Note that if 
if £ C(X)r\L 2 (X) wehavex.ip = U x ip but (x.<p)(Q) = U x ip(Q)U*. More generally, 
we shall use the notations: 

(3.23) x£X,T £ 38(X) => x.T = t x {T) = U X TU*. 

The next definition describes A x X in what we could call the pseudo-differential 
operator representation, or "^DO-representation. 

Definition 3.1 If A is an X-subalgebra ofC(X), the crossed product A x X = stf 
is the norm closed linear subspace of 3@{X) generated by the operators of the form 
<p(Q)ip(P) with <p G Aandip £ C (X*). 

The fact that &f is a C* -algebra follows from: 

Lemma 3.2 IftpG C(X) and ip £ Cq{X*) then for each number e > there are 
elements X\, x n £ X and functions ipi,...,ip n G Cq(X*) such that: 

(3.24) U(PMQ) - E k <P(Q + Xk)MP)\\ < e- 

For the proof, first approximate t/j by functions such that i/j G and then adapt 

the proof of HDG1I Lemma 2.1]. We mention two results which explain why we think 
of si as a C*-algebra of quantum Hamiltonians. The first one is IGI4I Proposition 4.1]. 

Proposition 3.3 Let A be an X-subalgebra of C(X) which contains the constants. Let 
h : X* — * K be a continuous non-constant function such that lim^^oo = oo. 

Then A x X is the C* -algebra generated^ by the self-adjoint operators of the form 
h(P + k) + v(Q), with k G X* and v G A real. 

The second one is |DG1 Corollary 2.4]. Here we assume X — R™ and denote ^4°° the 
set of functions in A such that all their derivatives exist and belong to A. 

Proposition 3.4 Let h be a real elliptic polynomial of order mon X and let A be as in 
Provosition Xi. 3\ Then A X X is the C* -algebra generated by the self-adjoint operators 
of the form h(P) + S, where S runs over the set of symmetric differential operators of 
order < m with coefficients in A 00 . 

Examples 3.5 We shall point out now the simplest crossed products. The smallest 
crossed product {0} = {0} x X is, of course, of no interest. 

(1) The largest crossed product is ^(X) = C(X) x X, see Theorem O.lOl 

(2) The Co functions of momentum: Co(X*) = C x X. 

(3) The algebra of compact operators: J^(X) = Cq(X) x X. 

(4) The two-body algebra: £T(X) := C^X) x X = C (X*) + X{X). 

* If S is a family of self-adjoint operators then the C* -algebra generated by S is the smallest C* -algebra 
of operators on "H to which is affiliated each H £ S. 
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The name of the fifth algebra is justified by Propositions 13 . 31 and B .41 Indeed, if X = 
R" then 3?(X) is the C*-algebra generated by the self-adjoint operators of the form 
(P + k) 2 + v(Q) with k G X and v G C C °°(X) is real, or by those of the form 
A + X)j=i a j^j + a o where dj are C°° functions constant outside a compact. 

Remark 3.6 Note that the only abelian crossed products are {0} and Cq(X*). 

We have defined a map A *—> A x X from the set of all X-subalgebras of C(X) 
into the set of C*-subalgebras of 3${X) which is obviously increasing. The following 
theorem, which is an immediate consequence of a more general abstract result due 
to M.B. Landstad, cf. ILanl Theorem 4] or |Ped|, says that this map is injective and 
describes its range. 

Theorem 3.7 A C* -subalgebra si ofSS{X) is a crossed product if and only if for each 
A G si the following two conditions are satisfied: 

• IfkeX* then V k *AV k G s/ and lim fc ^ \\V k *AV k - A\\ = 0, 

• Ifx G X then U X A G si and lim x ^ \\(U X - 1)A\\ = 0. 

In this case, there is a unique X -subalgebra A C C(X) such that si = A v\ X, and 
this algebra is given by 

(3.25) A = si v :={<pe C(X) \ <p(Q)^(P) G si, \A/> G C Q (X*)}. 

Note that, since si is stable under taking adjoints, if we replace U X A by AU X and 
(U x — 1) A by A(U X — 1) in the second condition above we get an equivalent condition. 
If each element A of a C*-subalgebra si C 3§(X) verifies the two conditions of the 
theorem, we shall say that si satisfies Landstad' s conditions. 

The following reformulation of the second Landstad condition is useful. 
Lemma 3.8 IfT G 33(X) then the next three assertions are equivalent: 

• lim^o||(t4-l)T|| =0, 

• T = ifj(P)T for some ip G C (X*) andT Q G 38{X), 

• Ve > 3F C X* with X* \F compact and \\1 F (P)T\\ < e. 

Proof: It suffices to consider only the first two conditions. If T — i/j(P)Tq then 
\\(U X -1)T\\ < ||(C/ X -1)V(P)||||T || < ||To||sup|fe(a;)V(fc)| -0 as x -» 0. 

k 

To prove the converse assertion, let 33q = {T G S§ \ lim x _^o II (U x — 1)T|| = 0}. This 
is clearly a closed subspace of SS such that ij)(P)^ C 28$ if ip G Cq{X*). By taking 
ip (k) = \K | in J2.15> . where K runs over the family of compact neighbourhoods 
of the origin in X*, we easily see that each T G is a norm limit of operators of the 
form ijj(P)T. Now the Cohen-Hewitt factorization theorem [FeD Theorem 9.2] shows 
that each T G can be written as T = ip(P)T with ip G C Q (X*) and T Q G ■ 
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Corollary 3.9 If s/ is a crossed product then each A €L ,$/ can be factorized as A = 
Aiipi(P) = ip2{P)A2 with A4 G srf andipi G Cq{X*). In particular, if A G stf andtp 
is a bounded continuous function on X* then Aip(P) and ip(P)A belong to 

Theorem 13. 71 allows us to give an intrinsic description of some crossed products. 
By "intrinsic" we mean a description which makes no reference to the crossed product 
operation. Examples may be found in Section here we give the description of the 
largest crossed product ^ (X) which makes the connection with the definition ( ll.lt . 

Theorem 3.10 The crossed product ^(X) = C(X) x X is given by ( 17 .11 . 

For the proof, it suffices to note that the right hand side of ( II. It is a C* -algebra and to 
apply Theorem l3.7l It is useful to view the last condition in dl.lt from the perspective 
of Lemma l3~8l this gives a precise meaning to the fact that the operators from 'tf(X) 
tend to zero as P — > oo. 

Remark 3.11 If X — K" we see that ^{X) is the norm closed linear subspace of 
SS{X~) generated by the operators (p(Q)ip(P) with <p in the space of C°° functions 
which are bounded together with all their derivatives and ip in the space of C°° func- 
tions with compact support. So ^f(X) is generated by a rather restricted class of 
pseudo-differential operators. In particular, ^(X) is the norm closure of the set of 
pseudo-differential operators with symbols of class S m if to < (see |H6r Defini- 
tion 18.1.1] and use |H6r, Theorem 18.1.6]). From Proposition l3.4l it also follows that 
^(X) is generated by a rather small class of elliptic operators. 

As a consequence, we get an intrinsic description of the algebras of quantum 
Hamiltonians, in the sense of Definition ! 1.131 

Proposition 3.12 A C* -subalgebra si C 3S{X) is a C* -algebra of quantum Hamil- 
tonians if and only if D ^~{X) and 

• x e X, k e X*,A e £/ =^ V£AV k and U X A belong to gf, 

• lim fc ^o||[-A ) V fc ]|| =lim^ ||([4-l)A|| = 0. 

Remark 3.13 Observe that the classical Riesz-Kolmogorov compactness criterion 

X(X) = {T G MX) | lim ||04 - 1)T|| = Oand lim \\{U X - l)T\\ = 0} 

= {Te &(X) | T = tp(Q)S = ifj{P)R with ip G C (X), if> G C {X*) 
and S, R G @{X)} 

is also an intrinsic characterization of a crossed product and follows easily from Theo- 
rem !3.7l and Lemma l3~8l to gether with a similar fact with the group U x replaced by Vk- 
In more intuitive terms, the compact operators are characterized by the fact that they 
vanish when P — > oo and Q — > oo. 

Now we show that the set of C*-subalgebras of 58(X) which are crossed products 
is stable under arbitrary intersections and that the C* -algebra generated by an arbitrary 
family of crossed products is again a crossed product. We denote by C*(Ua<8a) the 
C*-subalgebra generated by a family of C*-subalgebras B\. 
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Theorem 3.14 If (Ax) is an arbitrary family of X-subalgebras ofC(X) then C\\A\ 
andC*(\JxAx) are X-subalgebras and: 

(3.26) n A (^A xX) = (Ha-Aa) x X, 

(3.27) C*({Jx(Ax xX)) = C*({JxA x ) xX. 

Proof: The fact that Ha-4a and C* (Ua-^a) are X-subalgebras is easy to prove and 
the inclusions D in ( 13.261 1 and C in ( 13.271 1 are obvious. The proof of D in ( 13.271 1 is 
elementary. Indeed, it suffices to show that tp(Q)tp(P) belongs to the left hand side 
of J3.27i if <p S C* ({JxAx) ■ Then we may assume that tp = tpi, = YlxeL VA with 
tpx S Ax and L a finite set. Let A E L and M = L \ {A}. Then Corollarv B . 91 applied 
to tp x (Q)ip{P) EAx^X gives 

<pl(QMp) = <pm(Q)v\(QW(p) = vm(Q)Mp)Ax 

for some ipx G Co(X*) and Aa G *4a x X- Repeating the argument with tp L replaced 
by (pM we see that tpi / (Q)tp(P) can be written as a product of elements of Ax x X 
with A E L. This proves J3.27I . 

The inclusion C in J3.26l > is a deeper fact, it depends on Theorem 13. 71 Let s^x = 
Ax x X and srf = V\\srfx- It is easy to check that satisfies the two conditions of 
Theorem |3~71 so st = A x X where A is defined by ( l3~25l . If tp £ C(X) has the 
property tp(Q)(*^ip(P) € st for all ip € C (X*) then we also have tp(Q)(*)ip(P) E 
■sz^A for all such ip, hence tp E {s^x)\, = Ax for each A. Thus ip E V\\Ax, hence 
AcHxAx- ■ 

Proposition 3.15 If A,J are X-subalgebras then J is an ideal of A if and only if 
J x X is an ideal of A x X. 

Proof: The fact that "J C A ideal Jxlc^txl ideal" follows easily from 
Lemma l3~2l For the converse it suffices to show that if Jf are crossed products 
and if £ is an ideal of si ', then ^ is an ideal of sfi,. Let £ E J?\, and tp € then 
by Corollary I3T91 for each ip E C (X*) we can factorize tp(Q)ip(P) = ip (P)S for 
some Vo e C (X*) and Se^. Thus (^)(Q)^(P) = £(Q)ip (P)S E J because 
£,{Q)i>a{P) G ^/ and ^ is an ideal of hence e I 

Proposition 3.16 Assume that A,B,^J are X-subalgebras of C{X) such that A — 
B + J and that J is an ideal in A Then J x X is an ideal in Ax X and ytxl = 
B >o X + J >o X. If A = B + J is a linear direct sum, then Ax X = BxX + JxiX 
is a linear direct sum. 

Proof: We know that J x X is an ideal m A~a X and that B x X C .4 x X is a 
C*-subalgebra. From |Dix Corollary 1.8.4] we see that B x X + J x X \s closed in 
A x X, and since it is clearly dense in A x X, we have AxtX = Bx>X + JxX. 
Finally, 

{BxX)n(J xX) = (Bnj) »i 

because of J3~26l and this is {0} if B D J = {0}. . ■ 
We mention a fact which is useful in the explicit computations of s/\,. 
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Remark 3.17 It is clear that in ( I3.25t it suffices to consider only ip E C C (X*). Since, 
by Corollarv l3.9l a crossed product is a Co (X* )-bimodule, we get the following simpler 
description of A: if there is £ G Cq(X*) such that £(fc) 7^ Ofor all k S X*, f/ien 

(3.28) .A = e C(X) I <p(Q)<*>£(P) G 

Such a £ exists if and only if X* is er-compact (i.e. a countable union of compact sets). 

Remark 3.18 The following comment on the first Landstad condition is of some in- 
terest, although it does not play any role in our arguments. Let C U (Q) be the set of 
S E £§(X) which verify the first Landstad condition; this is clearly a C*-algebra. Let 
us say that an operator S S S$(X) is of finite range (not rank!) if there is a compact 
neighborhood A of the origin such that S\k{Q) = ^k+k{Q)S\k{Q) for any Borel 
set K. Clearly, the set of finite range operators is a *-subalgebra of ,9§{X) and it can be 
shown that the set of finite range operators which belong to C U (Q) is dense in C U (Q). 
Moreover, under quite general conditions on X it can be shown that a finite range op- 
erator belongs to C U (Q) (this is probably always true). Thus, if X = R" or if X is a 
discrete group for example, then C U (Q) is exactly the norm closure of the set of finite 
range operators. These questions are treated in |GG2 Propositions 4. 1 1 and4.12]. 

4 Affiliation to tf(X) 

Theorem 11.21 shows that the essential spectrum of the operators affiliated to ^{X) is 
determined by their localizations at infinity, so it is important to show that the class of 
operators affiliated to ^(X) is large. We show in this section that this is indeed the 
case: singular perturbations of hypoelliptic self-adjoint pseudo-differential operators 
are affiliated to C €(X~). If one thinks of C £{X) as the C*-algebra generated by the 
operators of the form ip(Q)?lj(P) with ip 6 C(X), tp E Cq(X), this is far from obvious. 

In the rest of the section we fix a finite dimensional Hilbert space E, we set H = 
L 2 (X;'E) and define c € = ^(X) as in (ll.lt . Since the adjoint space 1 * H* is iden- 
tified with fi by using the Riesz isomorphism, if Q is a Hilbert space with Q C H 
continuously and densely then we get a similar embedding Ti C G* ■ 

Let H be a self-adjoint operator on H and let z E p(H). As we saw in ( II. 3> , H is 
affiliated to ^ if and only if 

(4.1) lim \\{U X - 1){H- z)-^ = and lim || [14, (H - z)" 1 ] || = 0. 

x— >0 fc^O 

In the next subsection we make an abstract analysis of these relations and in Subsection 
I4.2l we give concrete examples. 

4.1. A function 9 : X* — > K such that lim^oo 6(k) = +00 will be called divergent. 
Lemma l3~8l and an interpolation argument give: 

t The adjoint space (space of antilinear continuous forms) of a Hilbert space Q is denoted Q* and if 
u G Q and v 6 Q* then we set v(u) = (u, v). 
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Lemma 4.1 The first condition in i4.ll is fulfilled if and only there are s > and a 
continuous divergent function 9 such that D(\H\ S ) C D(9(P)). And then this property 
holds for all real numbers s > 0. 

Let 5(E) be the space of symmetric operators on E. If h : X* — > 5(E) is Borel, 
then h(P) is the self-adjoint operator on H such that J r h(P)T* is the operator of 
multiplication by h in L 2 (X*; E). If lirufc->oo dist(0, a(h(k))) = oo then we write 
Umk_>oo h(k) — oo. This property is equivalent to limfe^oo \\(h(k) + «) _1 || = 
and implies lim^oo ||</?(/i(fc))|| = for all <p € Cq(K). If E = C this means 
limfc^oo \h(k)\ = oo. 

Corollary 4.2 Ifh : X* — * 5(E) is a continuous function on X* then h{P) is affili- 
ated to c & if and only i/lim^oo h(k) = oo. 

In particular, if X — R 2 then the operator H — d\ — d\ is not affiliated to ^ . A 
second interesting operator not affiliated to ^ is H = (di + ix2) 2 + {82 + ix\) 2 . 

We now give the simplest affiliation criterion. 

Proposition 4.3 Assume that Ho is a self-adjoint operator affiliated to c & and that V 
is a bounded symmetric operator such that linifc^o || [Vk, V]\\ =0. Then H = Hq + V 
is a self-adjoint operator affiliated to c £. 

Proof: If R = (H + i)- 1 and R = (H + i)- 1 then R = Rq[1 + VRo}^ 1 so the 
first condition in (14. 1> is obviously satisfied. For the second one, note that 1 + VRq is 
invertible and satisfies it, hence its inverse verifies it too. B 

From now on we consider only situations when V is not bounded. 

Proposition 4.4 Let H be a self-adjoint operator such that VkD(H) C D(H) for all 
k. Then H is affiliated to c € if and only if D(H) C D(6(P)) for some continuous 
divergent function 8 and 

(4.2) lim\\[V k ,H]\\ DiH) ^ D{Hr =0. 

Proof: It is clear that VkD(H) C D(H) for all k if and only if Vk extends to a contin- 
uous map D(H)* — > D(H)* for each k, and then we have in B(fi): 

(4.3) [Vk^H-z)- 1 ] = (H-zy^H^^H-z)- 1 . 

The operator [H, Vk] belongs to B(D(H),TC) and so we can consider it as a map 
D(H) -> D(H)*. But {H - z)- 1 is an isomorphism U D(H) and D(H)* -> H. 
To end the proof it suffices to use Lemma l4~T1 H 

We shall give below three perturbative criteria of affiliation: we add to an operator 
affiliated to ^ an operator which is not necessarily affiliated to it. Note that functions 
of Q are never affiliated to % '. First we consider operator bounded perturbations. 



22 



Corollary 4.5 Let Hq be a self-adjoint operator affiliated to c € such that VkD(Ho) C 
D(Hq) for all k. Let V be a symmetric operator with domain D(Hq) and such that 
H = Hq + V is self-adjoint. Then H is affiliated to if and only if 



(4.4) 



lim \\[V k> V]\\ D (H )^D(H y = 0. 



Now we want to consider form bounded perturbations in a generalized sense (in 
order to cover not semibounded operators). Let H be a self-adjoint operator on TC. We 
say that a Hilbert space Q is adapted to H if D(H) C Q C H continuously and densely 
and H — z extends to an isomorphism Q — ► Q* for some (hence for all) zeC outside 
the spectrum of H. Then H extends to a continuous operator Q — ► Q* and we keep the 
notation H for the extended map. It is not difficult to show that if H is a semibounded 
operator then Q is adapted to H if and only if Q = Z?( | | 1 / 2 ) as topological vector 
spaces, see [GG2 page 47]. But in general, for example in the case of Dirac operators, 
this is not the case. Observe that 



continuously and densely, in particular B(Q, Q*) C B(D(H), D(H)*). It is then clear 
that one has VtG C Q for all k if and only if Vk extends to a continuous map Q* — > 
0* for each k, and in this case the identity J4.3i is valid in B(Q* , Q). The operator 
[H, Vk] belongs to B(Q, Q*) and so we can consider it as a map D(H ) — > D{H)* . But 
(H - z)- 1 is an isomorphism H -> D(H) and D{H)* ->■ H. Thus: 

Proposition 4.6 Let H be a self-adjoint operator on TC such that D(H) C D(9{P)) 
for some continuous divergent function 9. Assume that Q is a Hilbert space adapted to 
H and that VkG C Q for all k. Then H is affiliated to ^ if and only if 



In many situations of interest in quantum mechanics the domain of the Hamiltonian 
is difficult to determine while its form domain is quite explicit. For this reason the 
following condition stronger than J4.5i is often more convenient: 



We shall use this in the following context. 

Definition 4.7 Let Hq be a self-adjoint operator on TL and let Q be a Hilbert space 
adapted to it. We say that V is a standard form perturbation of Hq ifV is a continuous 
symmetric sesquilinear form on Q and there are numbers \i £ [0, 1) and v > such 
that one of the following conditions is satisfied: 

(1) ±V < /tt|i?o| + V as forms on Q 

(2) Hq is bounded from below and V > —(J.Hq — v as forms on Q. 

Then the operator H = Hq + V : Q — > Q* is such that its restriction to D(H) ={m£ 
G I Hu G H} is a self-adjoint operator on H (and will also be denoted H) and Q is 
adapted to H too (see |DG3 1). Note that V is seen as a continuous operator Q — * Q* . 



D{H) c Q C H C G* C D(H)* 



(4.5) 




(4.6) 
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Corollary 4.8 Let Hq and V as above. We assume that Q C D(9(P)) for some contin- 
uous divergent function 9, that V k G C G for all k, and lim^o || [Vfc, H] Then 
H is affiliated to % '. 

The next result covers perturbations of Ho which are not dominated by Hq. 

Proposition 4.9 Let Hi , Hi be bounded from below self-adjoint operators and let us 
denote Gi = D^H^ 1 / 2 ). Assume that G = Gi H G2 is dense in Ti and let H 
1 1 + Hi, the sum being defined in form sense. Let us suppose that G C D(9(P)) for 
some continuous divergent function 9 and that for i — 1,2 we have VkGi C <7i one/ 
limfe_>o II [Vfe, Hi] Hb^.s?) = 0. Then H is affiliated to c £. 

Proof: Let us recall that the form sum H — H\ + Hi is defined as the unique self- 
adjoint operator such that DdH] 1 / 2 ) = G and (u,Hu) = (u,Hiu) + (u,Hiu) for 
all u € G- The topology of G is the intersection topology of Gi and G2, so thinking in 
terms of sesquilinear forms we see that 

for some constant C. Hence d4.6i is satisfied. H 

4.2. If w is a continuous divergent function on X* let = H W {X) = D(w(P)) 
equipped with the graph norm. We saw in Lemma RTTl that if H is affiliated to ^ then 
DdH] 1 / 2 ) C U w for such a w. We consider now operators whose form domain is 
equal to some 7i w . 

We say that w is a weight* if w : X* — >]0, 00 [ is continuous and w(k + p) < 
uj(k)w(p) for some function ui and all k,p E X*. If a; is the smallest function satisfy- 
ing such an estimate, then uj(k + p) < uj(k)uj(p). From now on we shall assume that 
uj satisfies this submultiplicativity condition. We also say ut-weight if we need to be 
more specific. If X — R" then a standard choice is w(k) = (k) s for some real s. 

Lemma 4.10 A continuous divergent function w on X* is an u-weight if and only if 
V k H w C H w and\\V k \\ B(Hm} < uj{k)forall k. 

Proof: We may take ||io(P)u|| as norm on H w . From V k *w(P)Vk — w(P + k) we see 
that we have V k H w C H w and \\V k \\ B{Hul) < w{k) if and only if \\w{P + k)u\\ < 

u>(k)\\w(P)u\\ for all u, which is equivalent to w(k + p) < u)(k)w(p) for all k,p. B 

Proposition 4.11 A self-adjoint operator on Ti with DdH] 1 / 2 ) — TL W for some diver- 
gent weight w and such that lirrife_,o || [Vk, H]\\b('H' u ',H w *) — affiliated to c £. 

This is an immediate consequence of Proposition ^. 61 

Proposition 4.12 Let H be as in Proposition 14. 1 H and bounded from below. Let V G 
Ll oc (X) be a real function whose negative part is form bounded with respect to H with 
relative bound strictly less than 1. Then the self-adjoint operator H -\-V (Q) (form sum) 
is affiliated to c £. 

1 The terminology is suggested by that from |H6r Section 10.1], cf. the remark after Theorem 10.1.5. 
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Proof: Let V+ , V- be the positive and negative parts of V, then we define the sum as 
(H — V-) + Kf and apply successively Propositions l4.6l and l4.9l B 



Example 4.13 The most common situation is X = K" and w(k) = (k) s for some real 
s > 0. Then Ti w is the usual Sobolev space Ti s and typical operators satisfying the 
conditions of the Proposition ^. 1 H are the uniformly elliptic operators of order 2s. For 
example, let s = m > 1 integer and 

for some measurable functions a a p : X — > B(E) such that the operator of multi- 
plication by a a p is a continuous map Ti m ^^ — > T^M - " 1 (this is a very general 
assumption which allows one to give a meaning to the differential expression L). 
Then L : Ti rn — > Hr m is a continuous map and V k *LVk is a polynomial in k. If 
(u,Lu) > /i||w||^ m — ^||w|| 2 for some /i, f > 0, then i induces a self-adjoint operator 
in 7Y which is affiliated to ^ . 

Example 4.14 We give an explicit example of physical interest in the case s = 1. Let 
(4.7) H = E itj (Pi ~ Ai)Gij{Pj — Aj) + V = (P - A)G(P -A) + V 

where Gij,A^ V are (the operators of multiplication by) locally integrable real func- 
tions having the following properties (|| • ||i is the norm of Ti 1 ): 

(1) Gi 3 £ L°°(X), the matrix G(x) = (G lj (x)) is symmetric and G(x) > v > 0, 

(2) for each e > there is 5 e K such that \\Aju\\ < e\\u\\i + 5\\u\\ for all u G H 1 , 

(3) if V- is the negative part of V then for each e > there is a real number 5 such that 
(u,V-u) < e\\u\\l + 6\\u\\ 2 for all u € Ti 1 . 

Note that the conditions on Aj and V- are satisfied if there is s < 1 such that || Aju\\ < 
C\\u\\ s and (it, V^_u) < C|ju|| 2 . Then is affiliated to % ' . Indeed, observe first that 
H = (P — A)G(P — A) is a self-adjoint operator with form domain equal to Ti x , 
because there is S such that: 

(u,H u) > u\\(P- A)u\\ 2 > ^\\Pu\\ 2 - v\\Au\\ 2 > ^\\Pu\\ 2 - 5\\u\\ 2 
Hence, according to Proposition ^. 121 it suffices to prove that Hq is affiliated to c ti> '. But 

VkHoVk = (P-A + k)G{P -A + k) 

= H + kG(P -A) + (P- A)Gk + kGk. 

Thus \\V£H V k - H \\ B[H i yH -i) < C{\k\ + \k\ 2 ) so we can use PropositionEjj] 

Remark 4.15 Let us consider the operator H under the more general condition Aj £ 
L 2 oc (X). More precisely, H is the positive self-adjoint operator associated to the 
closed quadratic form || (P — A)u\\ 2 whose domain is the set Q of u £ Ti. such that the 
distributions (Pj — Aj)u belong to Ti. The preceding computation shows that Vk G C Q 
and that J4.6i is satisfied. Hence Hq is affiliated to c € if and only if Q C 0(P) for some 
continuous divergent function 0. But this cannot be true without some boundedness 
conditions on A at infinity. 
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As a final example we consider singular perturbations of h(P), where h : X — ► R 
is a continuous divergent function and X is an arbitrary group. Let Q = DQh^P)} 1 / 2 ). 
Two functions u, v on a neighborhood of infinity will be called equivalent if they satisfy 
ci|u(fc)| < \v(k)\ < C2\u(k)\ for all large k and some constants ci, C2 > 0. It is clear 
that Q = fi w if and only if h is equivalent to w 2 . Then Proposition ^. 12l implies: 

Proposition 4.16 Let h : X —> be a divergent function equivalent to a weight and 
such that 

\h(p + k)-h(p)\ 
(4.8) hm sup J-^-j — rrTTT 21 = °- 

fc^o p l + \h(p)\ 

Let W be a standard form perturbation of h(P) with lirn.fc_>o Wtyk) W]\\B(g,g*) = 
and define Hq = h(P) + W as a form sum. Let V E Ll oc (X) real and such that 
V- < fiHo + v on Q for some fj, < 1, v > 0. Then the form sum H = Ho + V(Q) is a 
self-adjoint operator affiliated to c €. 

Example 4.17 Let X = R n and assume that h is of class C 1 and satisfies |/i'(fc)| < 
C(l + \h(k)\). Then (gSJ is fulfilled because 

\h(p + k) - h(p)\ < sup \h'(p + 9k)\\k\<C(l+ sup \h(p + 9k)\)\k\ 
o<e<i o<e<i 

which is < C"(l + if \k\ < 1 because h is a equivalent to a weight. On 

the other hand, assume that h is of class C m for some integer m > 1 and that we 
have: (1) lim^oo h(k) = +oo, (2) the derivatives of order m of h are bounded, (3) 
E|a|< m \h {a) (k)\ < C(l + \h(k)\). Then from lABGl p. 342-343] we get that h is 
equivalent to a weight. Any real hypoelliptic polynomial satisfies all these conditions, 
see Definition 11.1.2 and Theorem 1 1 . 1 . 3 in I Hor I . 



5 Localizations at infinity 

In this section we prove our main result, Theorem l5.11l and some easy consequences. 

5.1. We define first the localizations at infinity for functions in C(X). We denote C S (X) 
the space C(X) equipped with the topology given by the seminorms ||<^||e = \\tpQ\\ with 
e Co(X) (this is the strict topology associated to the essential ideal Cq(X)). 

Lemma 5.1 Ifcp € C(X) and x G SX then x.(p{y) := lim^^^ ip(x + y) exists locally 
uniformly in y G X. Equivalently we have x.(p — > x.ip in C S (X) if x — > x in jX. The 
function x.ip belongs to C(X) and we have (x.cp)(y) — x{y.(p). 

Proof: Since ip is a bounded function, we have 

lim ip(x + y) = lim {y.ip){x) = x(y.(p) 

X — >>C X — >>c 

by taking into account the two interpretations of >c. Then we use Lemma l2~2l H 
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Thus x.ip G C(X) is well defined for all x G ^X (if x = x G X, see page!17> and 
all (p G C{X). The next lemma is a slight improvement of Lemma l5~TI it will allow 
us to give a completely elementary proof of Theorem 15. 151 (see the remark after the 
proof of the theorem). Note that the relation (x.(p)(y) = x(y.(p) remains true for all 
n G "fX if we interpret x G X as a character of £ 00 (X). Since y.cp G C(X) we see that 
x.y? depends in fact only on the class of x in (3 U X, cf. Subsection l2.5l We shall keep 
the notation x.ip even if x G /3 u X. Recall that X C /3 U ^ is an open dense subset. 

Lemma 5.2 Let tp G C(X). Then X 3 x i— > x.<y9 G extends to a continuous 

function f3 u X 3 x i— ► x.</5 G C S (X). We /zave x.ip(y) — x(y.ip) for all y £ X. 

Proof: For x G (3 U X = a{C(X)) the function x.ip is given by x.(p(y) = x(y.ip), 
y E X. It is easy to check directly that x.ip so defined belongs to C(X): we have 

\x(y-<p)\ < \\vM\ = IMI and 

|x(y.<p) - x(z.(p)\ = \x(y.ip - z.(f)\ < \\y.ip - z.<p\\ = \\(y- z).<p-<p\\. 

It remains to prove that x h- > x.ipO G CoPO is continuous for any 8 G Co(^f), i.e. 
that for each X G f3 u X, each e > and each 9 G Cq{X) there is a neighborhood V 
of X in /3 U X such that ||(x.y — X.y?)0|| < s if x G V. Since is Co, it will suffice 
to prove that for each X and e as before and each compact set K C X there is a 
neighborhood V of X such that x G V implies \x(y.<p) — X(y.(p)\ < e for y G K. 
But the map y i— > G C(X) is norm continuous, thus {y.(p \ y G K} is a compact 
subset of C(X). Hence there is a finite subset Z of K such that for each y G K we 
have min ze z H?/- 1 ^ — < £• Thus for each y E K and ze Zwe have 

|x(y.y>) -X(j/.</j)| = |x(y.v5-^) + x(z.(/j)-X(z.</?)+X(z.</?-y.V5)| 
< 2e + \x(z.<p)-X(z.ip)\. 

Now, if we take V = {x G f3 u X \ swp zGZ \x(z.tp) — X(z.(p)\ < e}, then is a 
neighborhood of X in /3 U X because Z is a finite set, and for each x G V and each 
j/ G K we have \x(y.ip) — X{y.ip)\ < 3e. H 

Lemma 5.3 /f </? G then x.tp = Ofor all x G 8X if and only if if G Cq(X). 

Proof: If x.ip = for all x G SX then x(y>) = (x.<y?)(0) = for such x. If 
99 ^ Co(X) then there is a number a > such that the set [7 = {x \ \ f{x)\ > a} is not 
relatively compact. Since U n V 7^ for each with relatively compact complement, 
we see that the family of sets U fl V is a filter basis and the filter f it generates is finer 
than Frechet and contains U . Let x be any ultrafilter finer than f, then x G SX and 
x(ljj) = 1. Finally, from |<p| > osIf we get |x(y>)| 2 = x(|(^| 2 ) > a 2 x(ly) = a 2 , so 
we cannot have x(ip) =0. B 

Definition 5.4 7f </j G C(X) anc/ x G then the function x.(p G C(X) is the local- 
ization of ip at x. A«J £(9?) := {x.ip \ x G 5X} C is ?/;e se? 0/ localizations of 
</? at infinity. 
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For each h 6 SX let : C(X) — ► C(X) be given by r^((p) = x.tp. Clearly this 
is a unital morphism and, since the property x.(x.ip) — x.(x.(p) is easy to check, is 
in fact an X-morphism. By Lemma l531 we have 

(5.1) n jfe5 xkerr^=C (X). 

Note that kcr is the maximal X -ideal included in the maximal ideal ker k of C{X). 
Remark 5.5 In general t h t x ^ t x t^. 

5.2. In this subsection we extend the notion of localization to operators in ^(X). 

Definition 5.6 Let ^(X) be the space ^(X) equipped with the topology defined by 
the family of seminorms \\T\\g = ||T#(Q)|| + ||#(Q)T|| with 9 S Co(X). 

Note that if X is a-compact then there is 9 6 Cq(X) with 9(x) > for all x € 
X and then || • \\g is a norm on ^(X) which induces on bounded subsets of ^(X) 
the topology of C € S [X). In any case, the topology of 1f s (X) is finer than the strong 
operator topology induced by SS(X~). Note also that the topology of C & S {X) does not 
depend on any Hilbert space realization of ^(X) because ^(X) is a C(X)-bimodule 
and Co(X) is an ideal of C(X). Finally, observe that we could consider on ^(X) 
the (intrinsically defined) strict topology associated to the ideal J(f(X); this is weaker 
than that of ^ S (X) and finer than the strong operator topology (but coincides with it 
on bounded sets). 

Remark 5.7 That this is the natural topology in our context should have been clear for 
us a long time ago, since it is induced by the strict topology of C(X), cf. |GI2 p. 31] 
and |GI5 p. 148]. However, we did not realize it until B. Simon, in a private communi- 
cation, emphasized its importance, in relation with Proposition 3.11 and Theorem 4.5 
from |LaS |. We are indebted to him for this remark. On the other hand, note that this 
topology does not play any role in our paper, the strong operator topology on ^{X) 
(used in ICiI2IICiI5l 1 suffices. 

We now describe some topological properties of ^ S (X). 

Lemma 5.8 The map T i— > T* is continuous on ^(X) and the operation of multipli- 
cation is continuous on bounded sets. IfT € c <o{X) the map x t— > U X TU* € c <o{X) is 
norm continuous and the set {U X TU* \ x £ X} is relatively compact in ^(X). 

Proof: The first assertion is obvious. To prove the second one, note first that if S £ 
^(X) and 9 G Cq(X) then the operators S9{Q) and 9{Q)S are compact. Indeed, it 
suffices to show this for S of the form Lp(Q)ip{P) and then the assertion is obvious. In 
particular, from the Remark l3~T3l it follows that there are K <E X(X) and 9' € C (X) 
such that S9(Q) = 9'(Q)K, and similarly for 9(Q)S. Thus for A, B,S,T € tf(X) 
we have 

\\(BA-TS)9(Q)\\<\\B\\\U-S)9(Q)\\ + \\(B-T)9'(Q)\\\\K\\ 

from which the continuity of multiplication follows. The norm continuity of x i— ► 
U X TU* is obvious by Finally, the last assertion of the lemma says that x i— ► 
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U X TU*9(Q) has relatively compact range and similarly when 9 is on the left side. 
Clearly it suffices to take T = ip(Q)ijj(P) and then U X TU*6{Q) = ip(Q+x)iJj(P)9(Q) 
and ip(P)8(Q) is a compact operator. Now the assertion follows from the Riesz- 
Kolmogorov criterion ( I3.13> . which clearly implies: if K is a compact operator and 
if G C(X) then tp(Q + x)K is a norm relatively compact family of operators. U 

Proposition 5.9 IfT G ff(X) and x G 5X then x.T := lim^^ U X TU* exists in the 
topological space ^ S (X). The map : ^(X) — > c (o{X) defined by t^(T) = x.T is 
a morphism uniquely determined by the property: 

(5.2) V G C(X), V € C Q (X*) r^(^(Q)V(P)) = (x.p)(QW(P). 
IfT G ^(X) anof ?/> : X* -sCisa bounded continuous function, then 

(5.3) t-„(I>(P)) = r x (T)V(P) and ^(V'(P)T) = ^(P)r x (T). 
For each k e X * we have T„(V£TVk) = V£T x (T)Vk. 

Proof: We must show that there is an operator x.T G C &{X) such that 

lim \\{U X TU* - x.T)6{Q)\\ = lim ||&(Q)(J7 X TJ7* - x.T)\\ = 

a; — >x x — >>z 

for all 9 G C (X). It is clearly sufficient to consider T = ip(Q)ip(P) with ip G C(X) 
and ip £Co(X*). Then we have 

U X TU*9{Q) = V {Q + x)^{P)9{Q) = cp(Q + x)6'{Q)K 

for some 9' G Cq(X) and if G J€(X). Indeed, ijj(P)9(Q) is a compact operator and 
so we can use the Remark l3.13l Now it suffices to use Lemma |5~T1 The argument for 
S{Q)U X TU* is even simpler. The other assertions are easy to prove, for example the 
last assertion follows from V k *U x TU*V k = U x V k *TV k U*. ■ 

Proposition 5.10 Let T G ^(X). Then x.T = for each x G 5X if and only if 
T G Jf{X). 

Proof: In order to prove that x.T = if T G Jf(X) it suffices to consider T — 
ip(Q)ip{P) with ip G C Q (X). Then x.T = {x.<p)(Q)if>(P) and x.tp = if ip G C (X). 
Reciprocally, let J = {T G ^(X) | x.T = 0, Vx G <5X} and notice that J/ is 
a C* -algebra and, moreover, it is a crossed product because of the last assertions of 
Proposition E9l Also, for each S G 1 f(X) we have x.(ST) = (x.S)(x.T) = 
so J> is an ideal. Thus, by Proposition 13. 151 there is an ideal J in C(X) such that 
J? = J x X. Let us show that J = Cq(X). This will finish the proof, because then 
J = Cn(X) >} X = JfT{X). From (EHSl we get 

.7 = {ipe C(X) | x.(^(Q)V(P)) = 0V?A G C pT) andVxeM}. 



29 



But x.(<p(Q)ip(P)) = (x.ip)(Q)ip(P). On the other hand, if 6 G C(X) is such that 
9(Q)ip(P) = 0W> G C (X*),then6» = 0. Indeed, V£6(Q)ip(P)V k = 9(Q)ip{P + k), 
so if ip G then we have in the weak operator topology 

= / V£0(QM-P)Va. dfr = 0(Q) f ^{P + k) dk = 6{Q) [ tpdk. 
Jx* Jx* Jx* 

Thus it suffices to take if) such that f x , ip dk ^ 0. So we finally see that J is the set of 
ip G C(X) such that = for all x G i.e. J" = C (X) by Lemma|53] ■ 

The next result follows easily from Propositions l5.9l and l5. 101 

Theorem 5.11 The map T \— > (x^^^sx is a morphism W(X) — > n^e^x ^(-^0 
w/f/i J^(X) fli kernel, so we have a canonical embedding 

(5.4) ^y^po^ru^po- 

Theorem [O] is an immediate consequence. As explained in Subsection 12.21 the 
morphism extends to observables affiliated to srf and Theorem l 1 .2l follows easily. 

Definition 5.12 If H is an observable affiliated to ^(X) and if x G SX then the ob- 
servable x.H affiliated to c (o{X) is called localization of H at x. The set of operators 
£(H) := {x.H | x 6 5X} is the set of localizations of H at infinity. 

Then we can write the relation (II. 4> as follows: 

(5.5) a css (H) = \J„ eSX <r(x.H) = \J KBt(H) <r(K). 

Remark 5.13 By using the universal property of the Stone-Cech compactification 7X 
(cf. page!13> we see that for T £ £%(X) the following two assertions are equivalent: 

(1) the set {x.T | x € X} is strongly relatively compact in 23(X)\ 

(2) X 3 x 1 — ► x.T extends to a strongly continuous map 7X 9 x x-.T g ^(X). 
The set of operators having these properties is a norm closed subalgebra of 33{X) 
(quite large, it contains ^(X), L°°(X), L°°(X*) and much more). It is easy to check 
that a (x.T) C a ess (T) if x E SX, but in most cases the operators x.T do not suffice 
to determine the essential spectrum of T. This fact extends to observables affiliated 
to this algebra. For example, if H is the Hamiltonian of a particle in 2 dimensions 
in a constant non-zero magnetic field, then T — <p(H) has the properties (l)-(3) and 
x.T = if (p £ Co(M), i.e. x.H = 00 for all x G SX. But a css (H) ^ 0. 

5.3. We fix now an algebra of interactions A on X, and set srf = A M X C Theorem 
15.1 II gives a description of ,2/ /J€(X) but we can make it more precise because many 
ultrafilters give the same character of A. 

Definition 5.14 If x G <5X f/ze C* -algebras A* = t„(A) and = T^(.si) — 
Ax x X are the localizations at x of the algebras A and si respectively. 
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As explained in Subsection 12.51 and taking into account the relation (x.cp)(y) — 
x(y.ip) (see Lemma |5~T1 and Lemma |2~T1 we see that A„ and stf* depend only on 
the restriction to A of the character x. In other terms, we have for example A^ = A x 
if 6(x) = S(X), where S : 6X — > <5(^l) is the canonical surjection, cf. ( 12.22k Ac- 
cording to the convention made in Subsection l2.5l (see page!14> we shall use the same 
notations A* and g/^ if x G S (A) . 

In the statement of the next theorem we use the canonical identification of X (as 
topological space) with an open dense subset of cr(A) 

Theorem 5.15 If T £ s$ the norm continuous map X 3 x i— ► x.T £ srf C %' 
extends to a continuous map a (A) 3 x > x.T £ ^ S (X). For each tt £ 3(A) the 
map t x : srf — > c (? defined by t^(T) = x.T is a morphism with stf^ as range. One 
has x.T — for all x £ 5(srf) if and only ifT£ J(f(X) which gives a canonical 
embedding 



(5.6) stjXiX) n, 



■eS(A) 



Proof: Consider for each T £ srf the map F T : jX — > %(X) defined by F T (x) = 
x.T. From Lemma l5~2l it follows that Ft is continuous: indeed, it suffices to assume 
that T = (p(Q)ijj(P) and to argue as in the proof of Lemma l5~8l Notice that if the 
characters x, X £ jX are equal on A, then Ft(x) — Ft{X). Indeed, for T as above 
we have x.T = (x.tp)(Q)ip(P) = (X.ip){Q)ip{P) = X.T. Thus, as explained on 
page[Oj if 7r : jX — > a(stf) is the canonical surjection, we shall have Ft = /t ° tt, 
where fx ■ c(s^) — * ff s (X) is continuous. If x £ X then tt(x) = x so Jt(x) — 
Ft{x) = x.T. We have both X C cr(&f) and X C 'yX and since the restriction of tt 
to X is the identity mapping, tt acts non-trivially only on the boundary. Let S be the 
restriction of the map tt to SX, hence S : SX — * is a canonical surjection. Thus 

/t(x) = for all x £ S(s^) is equivalent to Ft(x) = for all x £ SX which means 
that T£je(X). ■ 



Remark: By using the last assertion of Lemma 15781 and the universal property of the 
space jX, cf. page[0] one may avoid the use of Lemma l5~2l 



Remark 5.16 In nice situations, the localization at infinity A* is simpler than A, and 
(A >c ) x is still simpler, and so on, but this is not always the case. Note also that in 
general A* <t- A. If, however, this holds for each x £ S(A), then it is natural to ask 
whether we have t^t x ^p — t x t^lp for all ip £ A and all x, \ £ 6(A). Although this 
is not true if A = C(X), in several non-trivial and physically interesting situations this 
property is satisfied. See Examples l5 . 1 7l and l5 . 1 8l and Section|6] 

Example 5.17 We shall consider here the localizations at infinity of the simplest al- 
gebras. If A = Coc(X) then a (A) — X U {oo} is the Alexandroff compactifi- 
cation of X, we have 6(A) = {oo}, and the localization of <p £ A at oo is the 
constant function which takes the value ip(oo) = liirix^oo <p(x). If X = W and 
A is the set of bounded continuous functions which have limits as x — > ±oo then 
a(A) — [— oo, +oo], 6(A) = {— oo,+oo}, and the localization of ip £ A at +oo 
is again the constant function which takes the value (p(+oo) = \im x ^ +00 <p(x) and 
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similarly for the localization at — oo. Thus in both examples we have A^ = C for 
all x 6 6(A). In Subsection l6.2l we shall describe explicitly the largest X-subalgebra 
AcC(X) such that A x = C for all x e 8(A). 

Example 5.18 The next two examples are relevant in the context of Remark l5.16l The 
first one is due to Gilles Godefroy and the second one to Yves Raynaud. We thank 
them for answering to our questions. 

(1) Let X = Z x Z and let A be the set of ip G 4o (X) such that Hindoo tp(J, k) = 
for all j S Z. Let 6 E 4o(Z) and set ^(j, fc) = 0(fc) if < j and = otherwise. 
Then cp E A and lim a ->+oo tp(a + j, k) = 6(k) for each j, k. It is clear now that we 
may construct an ultrafilter x E SX such that x.<p = 1 ^> 8 so x.ip ^ Ain general. 

(2) Let X be an infinite discrete group and let A C X be infinite and such that the 
intersection A n (x + A) is finite for each x 7^ (this is a sparse set, in the sense of 
Subsection l6.4> . Let A be the C*-algebra generated by the characteristic functions of 
the translates of A. Let x be an ultrafilter on A which does not contain any finite set 
(i.e. is finer than the Frechet filter of ^4) and denote also by x the filter induced on X 
(see Subsection l6.3> . Let us denote l x the characteristic function of the set consisting 
of the point x. It is clear that x.1 x+ a = lx from which it follows that for tp E £ QO (X) 
with finite support we have f( x )^x+A) = f- Thus the range of the morphism 

: A — > €oo(X) contains the set of functions with finite support. But this is a norm 
dense subset of t^X) and t^(A) is norm closed. Thus we have an example of a strict 
subalgebra A of C(X) and of a character h of A such that t^(A) = C(X). 

Theorem ll,15l is a corollary of Theorem l5.15l Thus, if H is an element of srf or an 
observable affiliated to and if we set x = T x (Ji), then 

(5.7) a eas (H) = \J x es(A)<r(x-H). 

This representation of the essential spectrum of H, although more precise than \5.5\ . 
is still quite redundant, cf. page [6] and can be improved in many situations (the most 
interesting one being the TV -body case). To explain this, for yc E 5(A) let us denote 

(5.8) J„ = kerr„ = {ip E A \ x(x.tp) = Vx E X}. 

This is is the maximal X-ideal included in the maximal ideal ker x of A. Although 
the ideals ker x for different x are not comparable, it often happens that the J x are 
comparable, i.e. we may have J x C J x for x 7^ X. 

Lemma 5.19 If J x C J x then <j(H x ) C a(H x ). In particular, \5.7\ remains true if 
we restrict the union to the x such that the ideal is minimal in {J* \ x E 6(A)}. 

Proof: Here we use more abstract algebraic tools, as in IGI2I IGI41 . The morphism 
^ ■ A — * Ax is surjective and has J x as kernel, hence induces an isomorphism 
Aj 1 Jx = Ax- If T € A and if T/ is its projection in the quotient A/ J*, then T j 
is sent by this isomorphism into x.T, hence a(T / J^) = a(x.T). From C J x we 
get a canonical surjective morphism Aj — > Aj J x which sends T j into T/Jy. 
Finally, we recall that if $ is a morphism then cr($(5)) C c(S). U 
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Example 5.20 If, for x E X and k £ 6(A), we denote x + x the character kot x , then 
clearly J x +^ = J* , hence <j((x + x).H) = a(>c.H). However, this case is trivial 
because clearly (x + x).H = U x (x.H)U*. 

One further simplification may be obtained as follows. 

Lemma 5.21 Let K, c 6(A) such that: if if € A and >c(x.(p) — for all k £ K, and 
x E X, then <p E C (X). Then K7\ remains valid if 6(A) is replaced by 1C. 

Proof: This is a consequence of the proof of Theorem 15 . 1 51 but can also be proved 
directly as follows. One first notices that the condition on JC is equivalent to the density 
in 5(A) = a(A/Co(X)) of the set of characters of the form k o t x , with x G K and 
x E X. Then one can use the following easily proven fact: if S a is a net of operators 
such that Sa — ► strongly, then a(S) is included in the closure of \J a cr(S a ). I 

6 Applications 

After some preliminaries, we describe here three classes of C* -algebras of Hamiltoni- 
ans which seem to us particularly relevant and treat some more explicit examples. 

6.1. Algebras associated to translation invariant filters. In this preliminary sub- 
section we give an intrinsic description of a class of crossed products introduced in 
IGI2l lGI4 1 . Recall that a filter f is translation invariant if: x E X, F E f => x + F E f . 
Note that f will also be translation invariant. If f is a translation invariant filter let 

(6.1) J(f)={(p€C(X)\lim f <p = 0}. 

This is clearly an A-ideal in C(X) and from Lemma lZ2l we get: 

(6-2) J(f) = J(f°)- 

Then C(f) = C + J(f) is the A-algebra consisting of the bounded uniformly con- 
tinuous functions ip such that limt (f exists. Observe that if f is the Frechet filter then 
J{f)=C (X)mdC{f)=C oo (X). 

Below we shall consider nets indexed by the the filter f equipped with the order 
relation F < G F D G. For example, lim Fe j: ||1^ (Q)T|| = means that for each 
e > there is a Borel set F E f such that ||1 F (Q)T|| < s. 

Proposition 6.1 J(f) x A = {T E tf(X) \ lim Fef ||1 F (Q)T(* ) || = 0}. 

Proof: EachT E J(f) xi A has the property lim Fef ||1 F (Q)T|| = 0. Indeed, it suffices 
to consider operators of the form T = (p(Q)ip(P) with ip E J(f),tp E C (A*). But 
then the set F of points x such that |y(a;)| < e is open and belongs to f, and so we 
have ||1 F (Q)</?(Q)|| < e, which is more than needed. 

Conversely, let J be the set of T E C £(X) such that lim Fef ||1 F (Q)TW|| = 0. 
This is clearly a C*-subalgebra of ^(X) which is stable under the morphisms T i— > 
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V£TVk- By Theorem l3.7l we have J? = J XI X for a unique X-algebra J, namely 
the set of <p € C(X) such that lim Fef ||1 F (Q)(^(Q)W^(P)|| = for all ip £ C (X*). 

Thus it remains to prove the following assertion: if ip G C(X) has the property 
lim Fef \\l F (Q)(p(Q)Tp(P)\\ = OforV € Cb(**), then lim F ef ||li,(Q)^Q)|| = 0. 
Observe that, due to i6.2i we may assume f = f°. 

Fix / e L 2 (X), ip e C (X*) and let us set 9 = ip(P)f and 9 a {x) = (U*0)(x) = 
9(x — a). Clearly lim Fg j; \\1f(Q)ip(Q)U*9\\ — uniformly in a G X. Thus, for any 
e > 0, there is F € f Borel such that ||l F i^0 a || < e for all a, hence 

|p(a)|||l F a || ^ H 1 ^^) - <P)9*\\ + UfM < \\l F (<p(a)-<p)0a\\+e. 

Since f = f° we may assume that F = G + V where G £ f and V is a a compact 
neighborhood of the origin. Moreover, since tp is uniformly continuous and since we 
may choose V as small as we wish, we may assume that \(p(x)—ip(a)\ < eif x— a G V. 
It is possible to choose /, ip such that supp^ C V and \\6\\ = 1. Indeed, 9 is equal to 
the convolution product ip * f where ip (x) = ip (—x) and it suffices to choose /, ip 
continuous, positive and not zero and such that supp / + supp ip C V. Then for a E G 
we clearly have supp 9 a C F hence 

\p(a)\ = \p(a)\ \\9 a \\ = \p(a)\ \\l F 9 a \\ < \\(<p(a) - <p)d a \\ +e < 2e. 

This proves that limj ip = 0. B 
From Proposition ^, ll we easily get: 

C(f) xI = {Te % J (X) | 35 6 C (X*) such that lim ||1 F (Q)(T - S') ( * ) || =0}. 

FEf 

The X-algebras of the form PlAC(f a) are of some physical interest IRicl . Indeed, one 
should think of a filter finer than the Frechet filter as the set of traces on X of the filter 
of neighbourhoods of some closed part of the boundary of X in a compactification 
of X. This explains the interest of the algebras HaC^a) in the present context: they 
consist of "potentials" which have limits at infinity when going in certain directions. 
One may easily deduce from Theorem O . 1 4l and Proposition ^. ll an intrinsic description 
of the crossed products HaC^a) x X. 

6.2. The Y(X) algebra. We shall consider now the simplest non-trivial functions in 
C(X), those all of whose localizations at infinity are constants. Our purpose is to give 
a simple characterization of the JT-algebra A defined by the condition = C for all 
k € SX and of the associated crossed product. So we introduce the X-algebra: 

(6.3) V{X) := {ip e C(X) | K.p e C, Vx e SX} 
Observe that the relation x.p 6 C is equivalent to x.ip = x(<p). 
Lemma 6.2 We have ip £ V{X) if and only ifip S C(X) and 

(6.4) ]im(<p(x + y)-<p(x))=0, Vy G X. 
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Proof: The condition J6.4i is equivalent to y.ip — ip £ Cq(X) for all y £ X and, 
by i5.1\ . this is equivalent to x(y.ip — p) = for all x £ 5X and all y, hence to 
x.p(y) = x(p) for all x, y, which means tp £ V(X). U 

It is easily shown that tp £ C(X) satisfies ( 16. 4> if and only if <p is a bounded 
continuous function such that \im x ^ OQ (p(x + y) — <p(x)) = uniformly in y when 
y runs over a compact neighborhood of the origin. Thus the functions from V(X) 
are of vanishing oscillation at infinity or slowly oscillating, and their role in the the- 
ory of pseudo-differential operators was noticed a long time ago due especially to a 
well known theorem of H. Cordes concerning the compactness of the commutators 
[p(Q), ip(P)] (see BABGI p. 176-177] for a short presentation of the main ideas). 

If X — R™ then V(X) is just the norm closure of the set of bounded functions of 
class C 1 whose derivative tends to zero at infinity. Thus results of the same nature as the 
embedding (16. 6> may be found already in [Tay |. On the other hand, the algebra V(X) 
was systematically considered in the works IRabllRRR|lRRSlllRRS2l : see especially 
|RRS2| where one may find references to other earlier papers. More recently, the 
relevance of V{X) in questions related to the computation of the essential spectrum 
has been independently noticed in | LaS Man | . 

We mention that the compactification a(y(X)) and the boundary vX = S(V(X)) 
are called Higson compactification and Higson corona of X and play an important role 
in recent questions of topology, C* -algebras, i^-theory, etc. IRoll lRo2l . 

Finally, we note that a non-abelian version of V(X) appears in a natural way in the 
spectral analysis of Schrodinger operators on a tree X, see IIGG1I . 

We now give an intrinsic description of the crossed product Y(X) = V(X) xi X 
and a more specific decomposition of the essential spectrum. 

Proposition 6.3 We have 

(6.5) V(X) = {T £ tf(X) | x.T £ C (X*), Vx £ SX}. 

IfT £ ~V(X) then the map x i— ► x.T £ Co(X*) is norm continuous, hence 115.61 takes 
the more precise form 

(6.6) f(X)IX(X) -» C(vX;C (X*)). 

In particular, £(T) = {x.T \ x £ vX} C Cq{X*) is a compact set. If H is an element 
of'f(X) or is an observable affiliated to V{X) then: 

(6-7) a css (H) = Unevxtrix-H) = [} K ei(H)^{K). 

Proof: To show the inclusion C in J6.5I and the norm continuity of the map x i— > 

x.T £ C a (X*) it suffices to consider T = (p(Q)ip(P) with <p £ V{X) and ip £ 
Cq(X*). But then x.T = x(ip)ip(P) and these facts become obvious. Note that the 
compactness of the set £(T) implies that the union Ut6£(T) <t (T 1 ) is closed, hence (16. 7> 
is true. It remains to show the inclusion D in (16. 5> . Since x.(V£TVk) = V£(x.T)Vk 
and (x.T)U x — x.(TU x ) and since Cq(X*) is stable under the automorphism gener- 
ated by Vu and under multiplication by U x , it is clear that the right hand side of (16. 5> 
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satisfies Landstad's conditions. Hence Theorem 13.71 shows that it suffices to prove 
that if tp £ C(X) has the property (x.ip)(Q)ip(P) G C Q (X*) for all ip € C (X*) 
and all yt G SX, then \p G V{X). Thus it suffices to show that if £ S C(X) and 
£(Q)i/)(P) G C (X*) for all ip G C (X*), then £ is a constant. But we have 

hence (f (Q) - f (as + Q))ip(P) = for all V, so £(Q) = £(sc + Q) for all x. ■ 

Remark: If the reader has any difficulty in proving that the union in (16. 7> is closed, he 
should look at the proof of |DG2 Theorem 2.10]. 

Remark 6.4 Y(X) is the largest crossed product si such that si /J(T(X) is abelian. 
Indeed, sf j -J€{X) <^-> II>re<5(.4) by < I5.6> and the .g/^ are crossed products, so si^ 
is abelian if and only if s/^ = {0} or s/^ — Cq(X*). 

Remark 6.5 The observables affiliated to Cq(X *) are functions of momentum, so that 
it is natural to call them free Hamiltonians . Then we may describe in physical terms 
~f{X) as the largest C*-algebra of energy observables such that if H is affiliated to it 
then all its localizations at infinity are free Hamiltonians. 

Remark 6.6 We reconsider here the question of Remark f5. 161 for A = V(X). If 
x € SX then : V(X) — > C is just the character associated to x and so if X G SX 
then r x Tjt</5 = r^ip =/= r x Lp = T^r^in general. 

6.3. More remarks on filters. The following general remarks will be useful in the 
next subsections. Let Y be a closed subspace of X (thus K n Y is compact for each 
compact K C X). If f is a filter on Y then f can be seen as a filter basis on X and we 
shall denote (just for a moment) by f x the filter on X that it generates (this is the set 
of subsets of X which contain a set from f). The map f i— > f x is an injective map from 
the set of filters on Y onto the set of filters on X which contain Y, Indeed, we have 
f = {F n Y I F G f x }. It is also clear that if n is an ultrafilter on Y then f x is also an 
ultrafilter. Finally, if f is finer than Frechet on Y then f x is finer than Frechet on X. 

Since Y G f x , if T : X — > Z then limp T exists if and only if limj T|y exists 
and then they are equal. 

From now on we shall not distinguish f x from f , so we use the same notation f for 
both. In particular, we get natural embeddings 

(6.8) -fY c jX and 5Y c SX. 

It is convenient to understand this when the ultrafilters are interpreted as characters. 
We have an obvious embedding £oo{Y) C £oo(X) so each character of £ QO (X) gives 
a character of ^oo(^) by restriction, and reciprocally, each character of £oo(Y) has a 
canonical extension to a character of £ OQ (X), namely x((p) := xiipXy)- Thus: 

jY = {x G jX | h{Y) = 1} and SY = 7 F n SX. 

It is easy to see now that 7Y is a clopen subset of jX, equal to the closure of Y in 7X. 
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One says that a filter on a topological space is convergent to some point x if it 
is finer than the filter of neighbourhoods of x. Any ultrafilter on a compact space 
is convergent. This is easily seen to be equivalent to any of the usual definitions of 
compactness [Bou Chapter 1, §9]. 

It is easy now to understand the universal property of jX, cf. page^] We first 
observe that 7 should be considered as a functor from the category of sets into the 
category of compact spaces. Indeed, if X, Y are sets and 9 : X — > Y then it is obvious 
how to define 76* : 7X — > jY if ultrafilters are thought as characters: note first that 
(p cp o 9 is a morphism 6* : l x (Y) — > £oo(X) and then if x E ^X define j9(x) as 
the character of (Y) given by 7#(x) = x o 9*. The continuity of 7$ is clear. 

Now assume Y is a compact topological space. The only thing we need to accept 
is that a(C{Y)) = Y, this is not difficult to prove directly. Then we have a natural 
continuous map 7Y 9 X 1— ► X\, € Y which associates to a character X of £oo(Y) 
its restriction to C(F). In fact, the ultrafilter X is convergent and X\, is just its limit. 
Finally, x 1— ► 7#(xr)b is the unique extension of to a continuous map 7X — > 

6.4. Sparse sets. From the point of view of the complexity of the interactions, the 
algebra of interactions that one should consider next is 

(6.9) A = {<pe C(x) I x.y e Coo(x), e 

The corresponding algebra of energy observables is 

(6.10) si = A^x = {t e c i(x) I x.T e &(X), Vx e sx}. 

Thus si is the largest C* -algebra of energy observables such that all the localizations at 
infinity of a Hamiltonian H affiliated to it are two-body Hamiltonians. We shall leave 
for the second part of our work the study of the algebra d6 . 1 Qi and we shall consider 
here only subalgebras corresponding to Klaus type potentials. 

Remark 6.7 The algebra A defined by (I6.9i is characterized by A* = Coo(X) for 
each x, hence contains Coo(X) and is stable under all the morphisms t x . It is also 
clear that T x T^ip S C and is distinct from t^t x lp in general, cf. Remark l5.16l 

M. Klaus discovered in | Kla | the following class of Hamiltonians with nontrivial 
essential spectrum. Let L C M be a discrete set such that the distance between two 
successive points of L tends to infinity when we approach infinity. For each I G L let 
Vi 6 L 1 (R) real such that ||VJ||z,i < A and supp Vi C [—A, A] for a fixed finite A. 
Denote H = P 2 + Y.i V i(Q ~ and Hi = P 2 + Vi(Q). Then the description of 
a css (H) given in |Kla| is equivalent to: 

(6.11) cr css (H) = n FenL )UieFMHi) 

where T(L) is the set of finite subsets of L and F c = L\F. One of the main examples 
in IIGI2I IGI4 1 consisted in an algebraic treatment of this example, treatment based on 
the construction of a C*-algebra to which operators like H are affiliated. We recall 
below the definition of this type of algebras and then we shall give a description of 
a ess {H) for the operators affiliated to them which is more in the spirit of Theorem 11.11 
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(description which also appears in |GI2 GI4| but which is deduced there by very dif- 
ferent means). 

If L, A are subsets of X we denote L\ = L + A and L\ = X \ L\. If L has the 
property La ^ X for each compact A then we associate to it the filter 

(6.12) f L = {AcX\ADL c A foT some compact A c X}. 

This is clearly a translation invariant filter finer than the Frechet filter and such that 
f° = f L . Thus 

(6.13) C L {X) = {tp£ C(X) | Km fL tp exists } 

is an algebra of interactions on X. An intrinsic description of the corresponding algebra 
of Hamiltonians ^(X) follows immediately from the results of Subsection l6.ll Let 

(6.14) 8 L X = 5{C L (X)) = a(C L (X)) \ X 

be the boundary of X in the compactification associated to Cl(X). We recall that SlX 
is a quotient of SX. We set 

(6.15) oo L = {x £ ■yX | h D fx,} = {x £ -fX \ L\ £ xif A C X is compact }. 

This is a compact subset of SX and if x £ ool then x(cp) = linu^ <p, so that oo j, gives 
just a point in SlX. The problem that remains to be solved is the description of the 
other points of SlX. 

In this subsection we consider only the case when L is a sparse set, in the following 
sense: L is locally finite and for each compact set A there is a co-finite set M C L (i.e. 
such that L \ M is finite) with the following property: if m G M and I S L, I ^ m, 
then (to + A) n (I + A) = 0. 

With the conventions made in Subsection l6.3l we have SL C SX, more explicitly 
for k £ SL and (p £ (X) we set 

x{(f) = x(ip1l) — lim <^>(7). 

Lemma 6.8 Lef : X x <1L — > SlX be defined by 8(x, x) = xot x . Then 6 is injective 
and its range is SlX \ {ool}, which gives us an identification 

(6.16) SlX = (X x SL) II {ool}- 
Proof: We set 8(x, x) — 6 X ^ and note the more explicit formula 

o x ,^(v) = lim V>Q + x )- 

l — 

We first prove that 9 is injective. It is clearly sufficient to show that if x £ X and 
x, X £ SL are such that xix.ip) — X((p) for all ip £ Cl, then x = and x = X. Let 
M C L such that x(M) = 1. Since x is finer than the Frechet filter, M is infinite 
and x(N) = 1 if N is a co-finite subset of M. Let A C X be compact and such that 
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0, x G A. Eliminating if needed a finite number of points from M, we may assume that 
(L \ M) n Ma = and M\ = Ui^m (I + A) where II means disjoint union. Choose 
if G Co(X) with supp if G A and let us define ifu — Ejfm T -i L P- Then: 

{l L x.f M )(y) = EieM 1 M{y){T x -if){y) = EieM Im^M^ + y - 0- 

We must have /, y G M and x + y G I + A, hence Z = y because a; G A. It follows that 
IlX.ipm = 1m<p{x) and so, by choosing ip such that f{x) ^ 0, we see that 

x{x.ip M ) = x(l L x.f M ) = x(l M )y{x) = ip{x) ^ 0. 

Similarly I l <Pm = 1m^(0) and so X(tp M ) = X(1 m <Pm) = X(l M )<f(0). If x ^ we 
may choose if such that ^(0) = and we see that x(x.ip) ^ X(ip) for some if G Cl- 
If x = but x ^ X then Af can be chosen such that X(Af ) = (because and X 
are distinct ultrafilters) hence again x{x.f) ^ X(ip) for some if G Cl- This proves the 
injectivity of the map 9. 

Now we show that for any X G 5X such that X ^ oo^ there is (x, x) E X x 5L 
such that X(<^) — x(x.if) for all G Cl- Since X is not finer than f^, there is a 
compact set A C X such that ^ X. But X is an ultrafilter, so L\ G X. Since X is 
finer than the Frechet filter, there is M C L such that X(A1a) = 1 and 

M A = R leM (l + A) = M x A. 

The sets F C Ma with X(F) = 1 form a basis for X and each such F can be uniquely 
written as a disjoint union F = JIi^n(1 + F(1)) with N C M and C A non empty 
sets. We define surjective maps ttm ■ Ma — > A/ and 7ta : A/a — * A with the help of 
the identification Ma = M X A. The image x = ttm(X), i.e. the filter of subsets of 
M generated by the ttm (F) with F G X, is obviously an ultrafilter on M, hence on L, 
finer then the Frechet filter. Similarly, 7ta(X) is an ultrafilter on A, which is a compact 
space, hence 7Ta(X) converges to some point x G A. If F is as above then ttm(F) = N 
and w\(F) = {J teN F(l) and the families of these sets are bases for the filters x and 
7Ta (X) respectively. In particular, since 7Ta (X) is finer than the filter of neighbourhoods 
of x, for each neighborhood V of x there is F such that {J i£N F(l) C V. 

We prove now that X(if) = x(x.f) if if G Cl- We have X(^) = lim x if, thus for 
each e > there is F G X as above such that \ f(y) — X(ip)\ < e for all y G F. Thus 
|</>(Z+A) — X(<^)| < eforalH G A'' and A G F(l). On the other hand, if being uniformly 
continuous, there is a neighborhood V of x such that \ip(l + A) — ip(l + x)\ < e for all 
/ G N and A G V. By what we said above, the preceding F may be chosen such that 
U ieA r F(l) G Hence we get \tp(l + x) - X(ip)\ < 2e for all I G N. Since N £ x 
and e > is arbitrary, this shows that lim;^^ tp(l + x) = X(ip). U 

Remark: It is easy to show that 5lX is homeomorphic with (X x SL) II {ool}, 
thought as the one point compactification of X x 5L, but we do not need this. 

In the next lemma we use the notation of Definition l5.14l Let xbea point in SX. 
Lemma 6.9 If x G oo L then Cl{X)x = C. If x oo L , thenCL^X)^ = Coo(X). 
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Proof: If x G ool then x.<p(x) = ?c(x.<p) = lim^ x.ip = limf L </? because fi is 
translation invariant. Thus ?ap G C in this case. Now let X ^ oo^. It suffices then to 
show that X.tp S Cq(X) if lim^ 99 = and by an easy density argument we see that 
it suffices to assume that supp ip C Lk for a compact subset K of X. If x, x are such 
that 0(sc, x) = X then 

X.<p(j/) = X(y.<?) = x(x.(y.(p)) = x((x + y).ip) = lim ip{l + x + y). 

I — »>r 

But if z K then there is M C L co-finite such that I + z £ L K if I G M, and then 
(p(l + z) = for all such I, and so lim/-^ (/3(Z + z). Hence suppX.t/? C K — x. 

To finish the proof it remains to show that if X ^ 00 l and £ £ Coo(X), then there 
is G Cl such that X.y = £. It suffices to show this under the assumption that £ has 
compact support. Then it suffices to take <p = = X^eL r -'£ ' 

Lemma 6.10 Tjf^j G Cl(X) f/ie ma/? <5L 3 x x.^j g C Qa (X') is norm continuous. 

Proof: By a density argument, it suffices to show this for supp ip C Ma, where M C L 
is a co-finite set and A C lis a compact set such that Ma = UieAi(l + A). If I G M 
let be the function defined by ^ (x) = ip(l + x) for ieA and ipi (x) = otherwise. 
Then clearly ipi G Cq(X), suppi/?; C A, and the family {ipi}i^M is equicontinuous. 
Thus the set {ipi \ I G M} is relatively compact in Cq(X). From the universal property 
of 7M, cf. page^J there is a unique continuous map 7M 9 x 1— > ip^ G Co (A") such 
that if* = <pi for all I G M. Since SM — 5L, it suffices to show that <p x = x.(p if 
x G <5M. But we have 

K.ip{x) = lim tp(l + x) — lim </J/(x) = (/^(x) 

i — z — 

because 7Af 3 >c > (pie(x) is continuous. B 

Putting all this together we obtain, for the algebra srf = ^l(X), an improvement 
of Theorem l5.15l If T G %(X) then, according to that theorem, we have a continuous 
map cr(Ci(X)) 9 x 1— > x.T G ^ S (X) which induces an embedding 

(6.i7) v L {x)/jr{x) - n^a^W- 

From Lemma l6~9l we see that the localization = Cl(X) x x Jatxis 

r c (x*) if x = ^ L , 

1 ^(X) if X^OC L . 



(6.18) c £l(X) 2 



Here is represented as in (I6.16> . We identify SL = {0} x SL C X x SL and 
we simplify the relation J6.17> by taking into account the discussion made on page!32l 
First, since (kot x ).T = U X TU*, it suffices to restrict the product to the set 8LVJ{ool}. 
Second, we note that the contribution of the point 00 ^ is already covered by the other 
ones. Indeed, this follows from the easy to check relation t 

00 L ((p) — oo^T^ip)) for all (p£C L (X), 

which implies J x C Joc L , and from Lemma l5.19l Finally, we get: 

t Note that this is related to Remark ^. 161 we have t„t x = t x t x = 00 L on Cl- 
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Theorem 6.11 IfT e C <? L (X) and x e SL then limj-^ UiTU? = x.T = t x (T) 
exists in ^ S {X) and belongs to ,^(X). The map SL 3 x i— > x.T G &(X) is norm 
continuous. The maps : c ^l{X) — > S?{X) are surjective morphisms and the inter- 
section of their kernels is J4f{X), which gives us a canonical embedding 

(6.19) V L (X)/Jtr(X) — C(6L; &{X)). 

If H belongs to or is an observable affiliated to c #l(X), then 

(6.20) a css (H) = {J„ e sM*-H). 

The last assertion follows from the norm continuity of the map x i— > x.T. 

Remark 6.12 Theorem l6.11l has been obtained by rather different methods in |GI2 
IGI4I . see for example Theorems 5.5 and 5.6 in |GI4|. The point is that in these refer- 
ences the quotient ^(X)/ J(T(X) was computed directly and the notion of localization 
at infinity did not play a role. Our purpose here was only to show that Theorem l 1.1 l ean 
be effectively used even in some rather complicated situations. Our arguments in this 
subsection may, in fact, serve as a model for other computations. 

Remark 6.13 That the class of operators affiliated to ^(X) is quite large can be seen 
from the following result |GI4 Theorem 6.1]. Let X = R™ and denote H* the Sobolev 
space of order t and || • || t the norm in B(Ti t , W _t ). Let h : X — > M. be a continuous 
function such that c _1 (l + |fc|) 2s < \h(k)\ < c(l + |fc|) 2s for some constant c and all 
large k, and denote Hq = h(P). Let < t < s reals, choose a sparse set L c X and 
let {Wz}zgL be a family of symmetric operators Wi : TL 1 — > H~ f with the property 
sup, eL ||(l + |<3|) A Wz||t < oo for some A > 2n. Then the series J2i<=l U*WiUi = W 
converges in the strong topology of B(Ti t ,H^ t ). Let H = H + W, Hi = H + Wi 
be the self-adjoint operators in L 2 (X) defined as form sums. Then H is affiliated to 
^l(X). If x 6 SL then we also have x.H = liniz^^ Hi in norm resolvent sense. 

Remark 6.14 The preceding arguments can be simplified and everything becomes an 
elementary exercise for the subalgebras of ^l(X) corresponding to a finite number of 
types of bumps BGI2I p. 548]. The case of just one type is already interesting. More 
precisely, let £ be a finite partition of L consisting of n infinite sets and let Cc be the set 
of if e Cl such that liniagz^oo ip(l+x) = a.tp(x) exists for each x and for each a G C. 
Then SL is replaced by the finite set C and the Hamiltonians affiliated to have 
(modulo translations) exactly n + 1 localizations at infinity: a free one Ho e' Cq(X*) 
and a two body one a.H g' 3~{X) for each a e C. And a css (H) — {JaeC a { a -H). 

We make a final comment on the algebra A defined in (16. 9> . We saw that for any 
sparse set L we have Cl{X) C A. On the other hand, if M is a second sparse set, then 
L U M is not sparse in general. However, the C*-algebra Cl,m generated by Cl U Cm 
is still included in A. Note that to each Hamiltonian affiliated to % one may associate 
in a canonical way a free Hamiltonian, this is the localization of H at the point ool- 
But this is not the case for Hamiltonians affiliated to s$ '. 

6.5. Grassmann algebras. We shall construct here C* -algebras canonically associated 
to finite dimensional vector spaces and which allow one to consider a very general 
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version of TV-body Hamiltonians. This algebras have first been pointed out in IPG II 
and the spectral theory of the operators affiliated to them (essential spectrum and the 
Mourre estimate) has been studied in detail in |DG2|. Our approach here is rather 
different, the graded algebra structure so important in the quoted works does not play 
a big role anymore. 

If Y is a closed subgroup of a locally compact abelian group X then X/Y is also 
a locally compact abelian group and we have a continuous surjective group morphism 



7ry : X — > X/Y. Then the map defined by ip i— > ip o ny gives us a natural embedding 
C(X/Y) ^C(X). In fact 

(6.21) C(X/Y) = {ipeC(X) \y.<p = <p Vy e Y}. 

Note that we shall denote just the group {0} and then C(0) = Cq(0) = C, hence 
C(X/X) = C (X/X) = C. On the other hand, if c Y c Z c X are closed 
subgroups then X/Z = (X/Y) / (Y/Z) and we have natural maps 

(6.22) X -> x/y -> X/Z -> 
hence we get embeddings 

(6.23) C c C[X/Z) C C{X/Y) c C{X). 



In the rest of this subsection we shall consider only finite dimensional real vector 
spaces, although much of the theory can be extended to more general groups. We shall 
consider the algebra generated by the C*-subalgebras C (X/Y) C C(X/Y) C C(X). 
We recall that the Grassmannian G(X) is the set of all vector subspaces of X and the 
projective space ¥(X) is the set of all one dimensional subspaces of X. 

Definition 6.15 The (classical) Grassmann algebra of the vector space X is the X- 
subalgebra Q(X) C C(X) defined by 

(6.24) Q(X) = norm closure of J2y Cq(X/Y) 

where Y runs over G(X). The quantum Grassmann algebra of X is the C* -algebra 
&(X) C M(X) defined by 

(6.25) &(X) = G{X) -a X = norm closure of £y C (X/Y) y> X. 
Remarks 6.16 The fact that Q{X) is a C*-algebra follows from the obvious relation 

(6.26) C Q (X/Y) ■ C (X/Z) c C (X/(Y n Z)). 
The second equality from (I6.25> follows from Theorem l3.14l 

Let G(X) be the set of finite unions of strict vector subspaces of X: 

G(X) = {LcI|3Fc G(X) \ {X} finite such that L = Uy eF y}- 

If L is as above and A C X is compact then L\ = L + A = {Jyew(Y + A). Thus 
La is a closed set, L\ ^ X, and we have L\ U M\ = (L U M)\ and L\i C La» if 
A' C A". This justifies the next definition. 
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Definition 6.17 The Grassmann filter Q = Qx on X is the filter generated by the 
family of open sets L\ = X \ L\ where L runs over G{X) and A over the set of 
compact subsets of X. IfY is a subspace of X, then we denote also by Qy the filter on 
X generated by the Grassmann filter ofY. 

Clearly, Qx is translation invariant, finer than the Frechet filter, and Q x = Qx- If X is 
one dimensional, then Qx is just the Frechet filter. 

Remark 6.18 For L G G(X) we may consider the filter defined as in (16. 1 2i . Then 
Qx is just the filter generated by 1J L This can be expressed in other terms as 
follows: (1) Qx is the upper bound of the set of filters f^; (2) when seen as compact 
subsets of SX (cf. page!13>. Qx is the intersection of the compact sets f^. 

Remark 6.19 If we equip X with an Euclidean norm | • | and denote iry the orthogonal 
projection onto Y 1 - = X/Y, then 5l{x) = dist(a;, L) = mmy^w \nyx\ (with L,¥ as 
before). Then the sets L% = {x € X \ 5 L (x) > r}, with L e G(X) and r > real, 
form a basis of the filter Qx- Note that L has empty interior and if x is outside it then 

#z,(ix) = |i|£z,(x) — > oo as t — > oo. 

Lemma 6.20 Let Y,Z e G(X). IfY C Z then lim fly tt z = 0. IfY £ Z then 
lim flY 7Tz = oo. 

Proof: Since V G 0y the above limits involve only the restriction of ttz to Y . In 
the first case, if y e V then 7rz (y) = 0, so the assertion is clear. If Y <f_ Z then 
E = Y n Z is a strict subspace of Y\ Let i?' be a supplementary subspace for E in 
V. Then ttz ■ E' — > X/Z is injective, hence if if C X/Z is compact then the set A 
of y E E' such that nzy E K is a compact in £" and thus in V, If y e V \ _Ea £ fly 
then y = e + e' with e £ E and e' € £7' \ A so 7r z y = 7r 2 e' £ K. I 

Coroliary 6.21 Tjfyi G !?(X) ana? F € G(X) then lim 0y y> ex/s?s. If<p = J2z ^ JS a 
finite sum of p> z € Cq(X/Z) , then lim 0i , = J^zdy V? Z (0)- 

We see that each filter Qy defines a character of G(X) and we could proceed as in 
the proof of Lemma l6.8l and describe SqX = S(Q(X)) in terms of couples (Y, y) with 
y 6 X/Y . We shall not do it explicitly, but this is hidden in what follows. We only 
note that the role of ool is now played by Qx- 

Proposition 6.22 For each ip S Q{X) the limit 

(6.27) Tyip = lim y.ip 

exists locally uniformly on X. If ip is a finite sum ip = ^ z f Z w ^ m f G Cq{X/ Z), 
then Tyip = J2zdy V Z ■ IfY 6 P(X), y e Y \ 0, then Ty(p{x) = lim 4 _ >00 <ys(x + iy). 

Proof: We have to show that lim a ^ 0y - ip(x + y) exists locally uniformly in x. But this 
is an immediate consequence of the Corollary 16. 2 1 l and Lemma l2~2l H 

According to the conventions we made at the beginning of this subsection, we have 
Q{X/Y) C C(X/Y) C C(X) if Y is a subspace of X. 
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Proposition 6.23 We have Q(X/Y) C Q{X). Moreover, there is a unique morphism 
Ty : G(X) — ► Q{X/Y) such that Ty is a projection {in the sense of linear spaces). 
The map Ty is given by (16.271 . If Y C Z C X then 

(6.28) C = G(Q) c G(X/Z) c Q{X/Y) c G(X) 

and TyTz = TzTy — tz- More generally, for any Y, Z G G(X) we have 

(6.29) g(x/Y)f]g(x/z) = g{x/(Y + z)) 

and TyT Z = T Z Ty = Ty + Z . 

Proof: The algebra Q{X/Y) is generated the C Q ((X/Y)/E) with E c X/Y sub- 
space. If Z = ^(E) then Y C Z C X, E = Z/Y and (X/Y)/E = X/Z allows 
us to identify C ((X/Y)/E) = C (X/Z) and thus to get the first assertion of the 
proposition. Observe that 

(6.30) Q{X/Y) = norm closure of J2zdy C o(X/Z) 

= {<peg(X)\y. ( p = <p VyeY}. 

The other assertions of the proposition are easy to check. H 

Proposition 6.24 Ifip G Q(X) and Tyip = Ofor all Y G P(X), then ip G C (X). 

Proof: This follows from Theorem 3.2 and Lemma 4.1 of IDG1I . but we give a self- 
contained proof here. Consider first a finite set F C G(X) which is stable under 
intersections and such that G F and let A = XVgf Co(X/Y)- Then A is a ^-algebra 
because of J6"26l and Cn(X) C A. Clearly \\T Y ip\\ < \\ip\\ for all Y G F, <p G A. Let 
us write ip = ^ y <p Y with (p Y G Cq(X/Y). From Proposition 16 . 221 we get Tyip — 
J2zdy f Z ' so ^ ^ * s a maximal element of F then Tyip — ip Y , hence \\(p Y \\ < \\<p\\. 
By induction, we easily see that there is a constant c such that 

\\(fi Y \\ < c\\ip\\ for all FgF, ip e A. 

This clearly implies that A is a C*-algebra and that ^2 Y( - ¥ Co(X/Y) is a topological 
direct sum. If ip is as above and Tyip — for all Y ^ then 2~^.zdy </? z = if y 7^ 
hence, the sum being direct, we get <p z — for all Z ^ 0, thus ip G Cq(X). 

It follows that the map (p 1— > {ty^y^o is a morphism from A into Ilr^o G(X/Y) 
with kernel equal to Co (X). In particular, the induced map A/Cq(x) — » I1y^o^(^/^) 
is an isometry, so that if -0 G .A is such that ||ty^|| < e for all V 7^ then there is 
V^o € Cq(X) such that ||^> — Vtoll < 2e (just by definition of the quotient norm). 

Let now tp G Q{X) such that Tyip = for all Y G P(X). From Proposition l6.23l it 
follows that this property remains true for all Y G G(X), 7^0. From the definition 
J6 . 24l > it follows easily that for each e > there is A as above and there is ip G A such 
that \\cp — tp || < e. Then clearly we have ||7V^|| < e for all Y 7^ 0, so by what we 
proved above there is ipQ G Cq(X) such that \\tp — ipo\\ < 2e, and hence — i/'oll < 3e. 
This clearly implies (p G Cq [X) , I 
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The next theorem is now an immediate consequence of Theorem l5.15l Propositions 
I6"23l and l6"24l and of Lemma lSTil We denote 

(6.31) &y(X) = &(X/Y) x> X = norm closure of J2zdY C o( X / Z ) x X. 

We mention that we have non canonical isomorphisms ^y(X) ~ &(X/Y) (g> Cq(Y*). 

Theorem 6.25 IfT € &(X) andY E G(X) then t y T = \im y ^ SY U X TU* exists in 
^siX) and belongs to ^y(X). The map Ty : @(X) — > Sfy(X) is a morphism and a 
linear projection and is uniquely characterized by these properties. We have TyTz — 
tzty = t y+z . IfYe F{X) andyEY,y^{) then t y T = lim^ U ty TU t * y . We 
have T E J(f(X) if and only if TyT = Ofor all Y E V(X), which gives us 

(6.32) 9(X)/jr(X) - Uvenx) &v( x )- 

From ( I6.32> we get that the the essential spectrum of an observable H affiliated to 
y{X) is equal to the closure of the union <j{tyH) with Y E ¥(X). But now we can 
prove more: as in the situations considered in Theorem 16 . 1 1 1 and Proposition ^. 31 the 
union is already closed (although it is not finite, as in the usual TV-body problem). 

Theorem 6.26 IfT E &(X) then {t y T | Y € P(X)} is a compact set in &(X). In 
particular, if H belongs to ^{X) or is an observable affiliated to Sf (X), then 

(6.33) <J CSS (H) = UyeP(X)0-(Tri?). 

One should note that the map Y i— ► t y T is not continuous: if T S Cq(X/Z) x X then 

t y T — T if Y C Z and t y T = if Y (f_ Z. 

Theorem 16. 261 is a corollary of Theorem 4.2 and Proposition 5.4 from |DG2|. We 
shall give below a slightly improved proof. Note that only some general properties of 
the lattice G(X) and of the graded algebra structure of @(X) are really needed. The 
next two lemmas imply the first assertion of Theorem l6.26l (hence the second). 

Lemma 6.27 IfT E &{X) then for each Z E <G(X),Z ^ there is Y E P(X) such 
that TzT = TyT. 

Proof: Let E C G(X) be countable. Then {E n Z \ E E E, E n Z ^ Z} is a 
countable set of strict subspaces of Z, so its union is not Z. Let Y E P(Z) such that 

Y H E n Z = if E is in the preceding set. Then from E E E and E D Y we get 
E D Z. Now if T E is a finite sum J^EeE T E with tE e Co{X/E) x X then clearly 
TzT = TyT. Finally, if T is arbitrary, then there is E as above such that T be a norm 
limit of operators of the form Te, so we have TzT = TyT. H 

Lemma 6.28 Let {Y n } n >o be a sequence of linear subspaces of X and let us define 

Y = n„>o X)m>n " ,ne dimension ofY, then there is N such that for all 
n > NandallT^E &(X): 

\\{ TYn - ry)T\\ < k sup ||(7y B - T Ym )T\\. 

m > n 
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Proof: Since a decreasing sequence of subspaces is eventually constant, there is N 
such that Y = Yl m >n ^™ ^ or a ^ n — The dimension of Y being k, for each n> N 
there are n < ri\ < ■ ■ ■ < such that Y = Y n + Y ni + ■ • ■ + Y Jlk . From Theorem 
I6.25l we get ry = Ty ri Ty rii ■ ■ ■ Ty nk . Let V = Ty n , Vi — Ty n , and V[ = 1 — Vi. Then: 

fc-i 

v-TY = v[i-Vi...v k ] = y £ i vv'{P i+1 ...v k +vv' k . 

1=1 

Since the morphisms Vi commute, we get \\{V — Ty)T|| < ll^^i'^ll- Now it 

suffices to note that VV- = V (V - Vi) . ■ 

Proof of Theorem 16.261 If {ry n T} is a norm Cauchy sequence and Y is as in the 
Lemma l6.28l then || (tv„ — T y)^ll ~^ 0. Observe that we do not have k = because 
this would imply Y n = for large n. Thus we can use Lemma l6.27l and find E E P(X) 
such that TyT = teT, which proves the first assertion of the theorem. B 

Remark 6.29 The usual form of the HVZ theorem for TV-body Hamiltonians follows 
easily from Theorem 16.261 Indeed, in the Agmon-Froese-Herbst formalism [ABG| 
one is given a finite lattice C and an injective map C 3 a i— > X a £ G(X) such that 
XaAb — X a f) Xb, X max £ = X and X m - m c = 0. The iV-body Hamiltonians are 
observables H affiliated to the C*-algebra <af = J2aec c o(X a ) xlc &{X), where 
X a = X/X a . Let r a — Tx a , then r a is a morphism and a linear projection of ^ 
onto the C*-subalgebra c € a = J2b> a Co(X b ) x X. Let us set H a = r a H. Then (a 
generalized version of) the HVZ theorem says that 

(6.34) a css (H) = UaeM<H a ), 

where M. is the set of atoms of L. To get this from ( 16.331 1. note that for each Y 6 P(X) 
there is a smallest b in C such that Y < Xb, so we have Y C X c if and only if b < c. 
Then for T e f we have TyT = TbT. On the other hand, there is an atom a such that 
a < b, and then r b T = T b T a T. Thus <j{t y T) C ct(t T). Reciprocally, if Z € P(X) 
and Z C X a then t q T = r a r z T and so a{ Ta T) C a{r z T). 

Example 6.30 The simplest application of Theorem 16. 261 is obtained by taking X = 
W l and H = A + where V S 5(AT). Although simple, this situation is, however, 
not trivial because the union in J6.33i contains an infinite number of distinct terms 
in general. For example, the construction of V may involve an infinite number of 
subspaces Y whose union is dense in X. 

Example 6.31 We show here that in an A^-body type situation (i.e. involving only a 
finite number of subspaces Y) the class of Hamiltonians for which d6.33t applies is 
very large. We use the setting of Remark 16.291 and, to simplify notations, we equip 
X with an Euclidean structure, so that X is identified with X* and X a = X^. For 
real s let Ti s be the usual Sobolev spaces, set 7i = H° — L 2 (X), and embed as usual 
H s C H C H- s if s > 0. Fix s > and denote || • || s the norm in B(H S ,H- S ). 
Let h : X -> K be continuous and such that c'(l + \k\) 2s < h(k) < c"(l + |fc|) 2s 
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outside a compact, for some constants c',c". Then H(max£) := h(P) is a self- 
adjoint operator with domain Ti 2s and form domain ri s . Then for each a 7^ max£ 
let H (a) : H s — ► 7Y~ S be a symmetric continuous operator such that the following 
properties hold: 

(1) U x H(a)U* = H(a) ifxe X a , 

(2) \\V k H(a)V* - tf a || s ^ as fc ^ in X, 

(3) || {V k - l)H(a)\\ a -> as k -» in X<\ 

(4) i? a := X)b>a — ^{P) — ^ as forms on 7i s , for some /x, ^ > 0. 

Then H = #{min£) is affiliated to ^ and r a H = H a , so dQ4l holds. See |DG2, 
Theorem 4.6] for the details of the computation and for more general results. 

6.6. On the operators k.H. We observed after Theorem ll.2l that if H is a self-adjoint 
operator affiliated to ^(X) then its localizations at infinity k.H are not necessarily 
densely defined. We shall make in this subsection some comments on this question and 
we shall give conditions which allow one to compute k.H directly in terms of x.H and 
so to avoid considering the resolvent of H. This is not possible if H = h(P) + v(Q) 
if the operator V = v(Q) is not relatively bounded with respect to h(P), so we shall 
consider here only more elementary situations which are of some physical interest. 

To fix the ideas we consider here only the case X = R n and take Ti = L 2 (X; E), 
where E a finite dimensional Hilbert space, cf. Section |4] For simplicity we consider 
only operators whose form domain is a Sobolev space H s with s > (everything 
extends with no difficulty to hypoelliptic operators). Set (k) = (l + |fc| 2 ) 1//2 and denote 
5(E) the space of symmetric operators on E and |5| the absolute value of 5 € 5(E). 

Let h : X -> 5(E) be locally Lipschitz and such that c'(k) 2s < \h(k)\ < c" {k) 2s 
and |/i'(fc)| < c(k) 2s outside a compact, where c,c',c" are constants. We set Hq = 
h(P) and observe that D^H^ 1 / 2 ) = W '. 

Let v : X — > 5(E) be a locally integrable function such that the operator V — v(Q) 
satisfies VH S C Hr s and ±V < (J.\Hq\ + v for some real numbers fj,, v with \i < 1. 
Then the self-adjoint operator H = H + V (form sum) is affiliated to ^(X), cf. 
Corollary 14. 81 Note that x.V = U X VU* — v(x + Q) satisfies the same estimates as V 
and that x.H = Ho + x.V. We mention that the next lemma is valid under the much 
more general conditions of Definition ^. 71 

Lemma 6.32 Let us assume that for each C°° function with compact support f the 
set {x.V f I x G X} is relatively compact in Hr s . Then for each k € SX the limit 
lim x —>}t x.V — k.V exists in the strong operator topology in B(Ti s 1 7i~ s ), we have 
±k.V < /i|-ffo| + v as forms on TL S , and we have k.H = Hq + k.V if k.H is defined 
as in Theorem U .21 

Proof: Let z E p(H) and R = (H - z)- 1 € 1f(X). Then k.H is defined by the oper- 
ator k.R = lirrij;^^ x.R where the limit exists in ^ S (X). Note that we know that the 
limit exists but we do not yet know whether k.R is injective or not. On the other hand, 
the existence of k.V follows from the fact that the set of operators x.V is bounded in 
B(H. S , TC~ S ): thus it suffices to show the existence of the limit lim^-,^ x.V f in H.~ s 
for / a C°° function with compact support, and this is obvious by the universal property 
of the Stone-Cech compactification jX of the discrete space X and our assumption. 
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Note that x.V is the operator of multiplication by a distribution which could not be a 
function, but clearly the estimate verified by V remains valid in the limit. Hence if we 
define x.H = Ho + x.V as form sum, we get a densely defined self-adjoint operator 
such that x.H — z extends to an isomorphism H s — > Hr s . Now it suffices to prove 
that x.R = (x.H — zy 1 . Since x.H — z : 7i s — > Hr s is also an isomorphism, one 
can easily justify the equality 

(x.H - zY 1 - {x.H - zy 1 = (x.H - Z y 1 (x.V - x.V)(x.H - zy 1 

in B(H- S ,H S ). Then for / e H^ 1 we have 

|| [(x.H - zy 1 - (x.H - z)- l ]f\\ H ° < C\\(x.V - x.V)(x.H - z)- x f\\ H -s 

where 

C=\\(H- z)- x \\ B{H -,, w) = \\(x.H - zy^n-.^.y 
This clearly finishes the proof. H 

This lemma gives a rather concrete method of computing x.H and also shows that 
this operator is densely defined. The most elementary way of checking the relative 
compacity assumption from the lemma is described below. 

Proposition 6.33 Assume that for each /i > there is v such that | V| < /Lt(P) 2s + v. 
Then ]im x —>icX.V = x.V exists strongly in B(TL S ,H~ S ) for each x S SX, for each 
/i > there is v such that ±x.V < /x|i?o| + v as forms on 7i s , and x.H — Hq + x.V 
if x.H is defined as in Theorem U .21 In particular, we have 

a css (H) = \}^ x a(x.H). 

Proof: We only have to show that the set {x.V f | x £ X} is relatively compact in 
Hr s if / £ C%°(X), i.e. if / is a C°° function with compact support. This is equivalent 
to the relative compactness in H of the set {{Py s x.Vf \ x £ X}. Lettp,^ £ C™(X) 
with£(x) = Ion supp / and let S = (P)- S £(Q)(P) S and T = (Py s V(P)- s . Then: 

^(p){py s x.vf = ii(p){py s t(Q)x.vf = ^(p)su x tu*(p) s / = ^(P)sf x . 

The set {f x \ x £ X} is bounded in Ti and the operator ip(P)S is compact in Tt, 
so the set {ip(P)(P)~ s x.Vf | x £ X} is relatively compact in H. Thus it suf- 
fices to prove the following assertion: for each e > there is ip € C^°(X) such that 
\\iP(Py(P)- s x.Vf\\ < e for all a; £ X, where ip(P) 1 - = l-ip(P). Let V± be the pos- 
itive and negative parts of V, so that V = V+ — V- and | V \ = V+ + then it is clearly 
sufficient to prove this assertion with V replaced by V±. If T± = (P)~ S V±(P)~ S then 

U(py(py s x.v ± f\\ = u(pyu x T ± u;(pyf\\ < ||^(p) x t ± ||||(p)v|| 

and if we set C± = \ \ T± \ | 1/2 then 

U(p)^t ± \\ < c ± u(pyTi /2 \\ = c ± u(pyT ± ^(py\y 2 . 
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On the other hand, from \V\ < ^{P) 2s + v we get V± < /i(P) 2s + v and then 
T± < n + v(P)- 2s and so 

^(P)- L T±^(P)- L < [ A1 + ^(P)- 2s ](l-^(P)) 2 . 

Since /i can be chosen as small as we wish, it is clear that the right hand side above 
can be made < e for any e > by choosing ip conveniently. Since the left hand side is 
positive we then get ||'0(P) ± P±V'(P) ± ll < £• • 

Corollary 6.34 If the conditions of Proposition \(h33\ are satisfied and if for each C°° 
function f with support in the unit ball we have lim^^oo ||aJ.V/||w-« = 0, then the 
essential spectrum of H is given by a css (H) = <j(Hq). 

Example 6.35 There are at least three physically interesting situations covered by 
Proposition ^. 331 

(1) The Schrodinger operator H = P 2 + V = A + V(x). Then s = 1 and the assump- 
tions of the proposition are satisfied if V is of Kato class, so we get Theorem 4.5 from 
|LaS |. Corollarv l6.34l is similar to ILaSI Theorem 4.3]. 

(2) The relativistic spin zero operator H = (P 2 + m 2 ) 1 / 2 + V(x), then s = 1/2. Here 
m is any real number. 

(3) The Dirac operator H = D + V(x). Here D is the free Dirac operator of mass 
Tn > 0, s = 1/2, E = C N is not trivial, and V(x) is matrix valued. The last two 
situations are also considered in [ Rab | . 

6.7. Cocompact subgroups. We consider now a situation similar to that from | LaS 
Section 5]. In a C*-algebra setting such examples and generalizations appear in |Man|. 

Throughout this subsection X is an abelian locally compact non compact group and 
Y a closed subgroup such that X/Y is compact. Since Y is fixed, we shall abbreviate 
7ry = 7T. We embed C(X/Y) C C(X) as explained on page|^] so we think of 
C(X/Y) as a translation invariant C*-subalgebra of C(X) containing the constants, 
explicitly described by (16.2 1 i . More generally, we identify any function v defined on 
X/Y with the function v o tt defined on X. 

The full justification of the class of functions introduced below will become clear 
later on, cf. Lemma 16.401 

Definition 6.36 If 6 : X — » X then write 6(a + x) ~ a + 9(x) if 
(6.35) lim [0{a + x)-a- 6{x)\ =0 Vael. 

X — ►oo 

If 9 is uniformly continuous then this is equivalent to having 9(x) = x + £(.t) where 
£ : X — > X is uniformly continuous and slowly oscillating in a sense similar to (16.41 . 

The next proposition is completely elementary but we state it separately because 
the main idea of the proof is very clear in this context. 

Proposition 6.37 Let h : X* — > R be a continuous function such that \h(k)\ — > oo as 
k — * oo. Assume that 9 : X — * X is uniformly continuous and 9(a + x) ~ a + 9(x). 
Ifv : X/Y — > R is continuous, H = h(P) + v(Q) and H e = h(P) + v o 9{Q), then 
a css (H e ) = a(H). 



49 



Proof: This will be a consequence of Theorem 1 1.21 The self-adjoint operator Hg is 
affiliated to ^(X) because of Proposition ^. 31 It remains to compute the localizations 
x.H for x E SX. The image iro9(x) is an ultrafilter on the compact space X/Y, hence 
it converges to some unique point x E X/Y. Let z E X such that x = ir(z). Since 
v = vo 7r we may define the translated function x .v(s) = v(x + s) = voir(z + x) for 
s = tt(x) E X/Y. We shall prove that x.Hg = x.H where x. .H = h(P) + x. .v(Q). 
Note that x.H = U Z HU*, so <r(x .H) = cr(H), which finishes the proof. 

Observe that D(H) = D(h(P)) is stable under translations, so it suffices to prove 
the much stronger fact: s -lim.^^ x.Hgf = x .H / if / € D(H). But this follows 
from s -lim.^^ x.v o 6(Q) = x .v(Q). This means that for each / 6 L 2 (X) we have 

(6.36) lim / \v o tt(9(x + y)) - v o tt(z + y)\ 2 \f(y)\ 2 dy = 

x ^*Jx 

where z is as above. Now for large x we have tt(9(x + y)) ~ tt(9(x)) + n(y) and 
lirria—vj,; ir(9(x)) = x = tt(z) and since v is uniformly continuous we have 

lim sup \v o -k(9{x + y)) — wo 7r(z + y)\ =0 

for each compact K C X. This clearly implies (I6.36> . B 

The extension of Proposition 16.371 to bounded measurable functions v seems to 
require further conditions. Indeed, one could say that it suffices to use the dominated 
convergence theorem in (I6.36> . But this requires some care because x is a filter, we 
did not assume X separable, and the dominated convergence theorem is not true if 
sequences are replaced by nets. We indicate below two situations where these problems 
can be avoided. 

Proposition 6.38 If X/Y is separable or if 9 is such that 9~ 1 (N) is of measure zero 
whenever N C X is of measure zero, then Proposition \6.37\ remains valid if v is a 
bounded measurable function. 

Proof: If X/Y is separable then the point x has a countable fundamental system of 
neighbourhoods {G n }. For each n choose F n € x such that ir(6(F n )) C G n and then 
choose points x n E X such that x n G F n . Clearly we shall have w{6(x n )) — > x and 
s -lirrin^oo x n .Hg = x.Hg if the left hand side exists. Now the rest of the proof of 
Proposition ^. 371 works after replacing x by x n and x — > x by n — > oo, this time we 
can use the dominated convergence theorem directly in (I6.36> . 

If 9 has the property \N\ = |6> -1 (-/V)| = 0, we argue as follows. Since v is 
bounded, it is sufficient to prove J6.36> for / the characteristic function of a compact 
set. Then we approximate v in L 2 (X/Y) by functions w E C(X/Y), for such w the 
relation J6.36> being obvious. The only problem which appears is to estimate the term 

\v o t](x + y) — w o n(x + y)\ 2 dy 

where K C X is a compact and r\ = tt o 9. The map 77 : X — * X/Y is continuous and 
has the property \N\ = => \rj^ 1 (N)\ = 0, by hypothesis and |Fol Theorem2.9]. But 
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this implies that there is an integrable function g > on X/Y such that the preceding 
integral be < J x / Y \ v ~ w \ 2 9 ds, and this can be made as small as we wish. H 

In the case X — R n and under stronger assumptions on 9 we may extend Proposi- 
tion l6.37l to unbounded functions v, in particular we may recover Theorem 5.1 of the 
revised version of ILaSI . In order to be specific, we assume that h is as in Subsection 
\6.6\ and that s < 1. In particular our assumptions below imply those of Proposition 
16.331 Then we easily obtain: 

Proposition 6.39 Let Y be the additive subgroup of X = 1" generated by n linearly 
independent vectors. Let 9 : X —> X be a homeomorphism such that 9 and 9~ 1 are 
Lipschitz and such that 9(a + x) ~ a + 9{x). Assume that v : X — > B(E) is a locally 
integrable Y -periodic function and that V = v(Q) has the property: for each p > 
there is v such that |V| < /i(P) 2s + v. Then the operator Vg = V o 9(Q) has the same 
property and if we set H = h(P) + V and Hg = h{P) + Vg then cr css (Hg) = o~(H). 

We shall now consider the questions treated above in this subsection from the point 
of view of Theorem ll.151 As in the proof of Proposition 16. 31 we get from (I6.2H and 
from Theorem l3.7l 

C(X/Y) x X = {Te <#{X) | y.T = T Vy G Y}. 

Clearly C (X) H C(X/Y) = {0}, from which it follows easily that A = C (X) + 
C(X/Y) is an algebra of interactions and that we are in the conditions of Proposition 
13.161 hence we have a topological direct sum 

(6.37) a? = A x X = X{X) + C(X/Y) x X 

= {T e <£{X) | y.T - Te Jf(X) yyeY}. 

This is a rather trivial algebra but things become less trivial when we look at the image 
of £/ under an automorphism of &(X). 

If 9 : X — > X is a uniformly continuous homeomorphism then 9* : C(X) — > C(X) 
is the injective morphism defined by 9*ip = <p o 0. Clearly 9*Cq(X) = Cq(X) but 
in nontrivial situations the image through 9* of an -algebra is not an X-algebra. 
However, we are interested only in algebras of interactions (which contain Cq(X)), 
and the property of 9 isolated in Definition ^. 36l will be sufficient. The next lemma and 
its corollary are obvious. 

Lemma 6.40 If 9 : X — > X is uniformly continuous and 9(a + x) ~ a + 9(x), then 
for each a € X the map r a 9* — 9*r a sends C(X) into Cq(X). 

Corollary 6.41 Let 9 : X — > X be a uniformly continuous homeomorphism such that 
6 (a + x) ~ a + 9{x). Then, if A is an algebra of interactions, A 8 := 9* A is also 
an algebra of interactions. Moreover, 9* leaves Cq(X) invariant and so it induces a 
canonical isomorphism of X-algebras A/Cq(X) = A /Co(X ). 

We apply this to the situation d6.37> . Since X/Y is compact, we have 

5(A) - a(A/C (X)) = cj(C(X/Y)) = X/Y 
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and thus we get S(A e ) = X/Y. Since X acts transitively on X/Y we see that, mod- 
ulo a unitary equivalence, we have only one localization at infinity for an observable 
affiliated to sig := A B x X. This assertion can be made more precise as follows. 

Proposition 6.42 If '9 : X — » X is a uniformly continuous homeomorphism such that 
6{a + x) ~ a + 9{x), then there is a unique morphism V : — > C{X/Y) xi X such 
that 

[ o if ^eCo(x), 

(6.38) V(<poe(Q)i/>(P)) = { 

{ <p(Q)1>(P) if <peC(X/Y). 

This morphism is surjective and has J(f(X) as kernel. If x is a filter on X finer than 
the Frechet filter and such that lim^ 7r o 9 — 0, then V(T) = liuix—,^ U X TU*, where 
the limit exists in ^(X). 

Proof: The uniqueness of V follows from the fact that the operators cp o 9(Q)ip(P) 
with ip e A generate s^q, and the surjectivity holds for a similar reason. A filter x as 
in the statement of the proposition exists because 7r o 9 : X — > X/Y is surjective. If 
T = tp o 9(Q)ip(P) then U X TU* = ip o 6{x + Q)ip(P) and tp o 9{x + Q)tJj(P)£(Q) 
converges strongly to zero or to ip{Q)ip(P)^(Q) as x — > k if cp € Co(X) or ^ G 
C(X/Y) respectively. Here £ £ Co(X) and Remark l3. 13l is used. Thus we can define 
■p(T) by the last assertion of the proposition. If V(T) = then the beginning of the 
proof of Proposition ^. 37l shows that t x T = for all X G SX, so T is compact. H 

Remark 6.43 Thus, if H is an element of s/g or an observable affiliated to stfg, then 

(6.39) a ess (H) = a(V(H)). 

Note that |DG3 Theorem 2.8] gives a large class of operators affiliated to sig which 
allows one to recover Propositions l6.37H6.39l 



Je n'ajoute pas la raison d'ou j'infere que, s'il y avait 
un triangle rectangle de cette nature, il y en aurait un 
autre de meme nature moindre que le premier, parce 
que le discours en serait trop long et que c'est la tout le 
mystere de ma methode. Je serai bien aise que les Pas- 
cal et les Roberval et tant d'autres savants la cherchent 
sur mon indication. 

Pierre de Fermat (lettre a Carcavi, aoiit 1659) 

7 Appendix 

7.1. We give here a detailed proof of Theorem l3.7l We follow rather closely Landstad's 
arguments, but we use the characterization of A x X taken as Definition 13. II which 
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makes the proof more transparent. We mention that the space &%(X) is suggested by 
Kato's theory of smooth operators, cf. IRS I . We shall not discuss the uniqueness of A 
because the proof of |Lan Lemma 3.1] can hardly be simplified (if X is discrete we 
have A — J" (si) so uniqueness is trivial, see Remark l7"8l . 

We begin with some heuristic comments which will make the rigorous proof quite 
natural. The first question is, given si, how to determine A. Observe that if we 
know Aijj(P + k) for all k then we can recuperate the operator A by integrating 
over k, because this operation will give A(ip) with (ip) := f x , ip(k)dk. On the 
other hand, ip(P + k) = Vj*ip(P)V k so that if A commutes with V k then we get 
A{i>) = J x . V k *Aip(P)V k dk. Thus if T = £\ Vj (Q)ipj (P) then 

Y,<Pi(Q)Q>i) = I V k *TV k dk =:J?(T) 

If the group X is discrete, so that X* is compact, this formal argument can easily be 
made rigorous, the map J? is well defined on all £&(X) and we have A — £{sf) (we 
strongly advise the reader to first prove Landstad's theorem for discrete X; this is a 
really pleasant exercise). In general, one can give a meaning to J?(T) for a sufficiently 
large class of T for the rest of the proof to work. Anyway, the preceding formula shows 
how to extract the part in A of the operator T G si ' . The second point is that one can 
reconstruct T from such quantities by using the formally obvious relation 

T= I J{TU*)U x dx 
Jx 

which is just the Fourier inversion formula, see d7.ll> . But the right hand side here is, 
again formally, in A xi X. 

To make all this rigorous demands some preliminary constructions that we expose 
in Subsection l7.2l in a more general context. We set Ti = L 2 (X) and we abbreviate 
S3 = 3@{X) = B(H). We recall that we have unitary representations U x and V k of X 
and X* in TL which satisfy the canonical commutation relations 

(7.1) U x V k = k{x)V k U x . 

Most of the next arguments do not depend on the explicit form of the operators U x , V k . 

7.2. We first introduce the space of "smooth operators" with respect to the unitary 
representation V k : 

(7.2) <%°:={Te3)\ f \\TV k f\\ 2 dk< (X , V/G U). 

J x* 



Lemma 7.1 3@2 ' s a W f ideal (not closed in general) in 38. IfT G S§2 tnen 

(7.3) |||T|||:= sup ( f ||lW|| 2 dfc) ' <oo 

ll/ll=i \Jx* J 

and [3$2 1 III ' III) i s a Banach space such that \ST\ < \\S\\ ■ \\T\\for all S € SB. Finally, 
ifx e X andT G SS\ then TU X G <%° 2 and \\TU X \\ = |T|. 
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For the proof of d7.3i we have only to remark that the map which sends f £ H into 
(TVkf)k£X* £ L 2 (X*;Tt) is clearly closed and linear, hence it is continuous. The 
last assertion of the lemma follows from il.H . 

The map x i— > TU X £ 88 2 is not norm continuous in general. For this reason it will 
be convenient to consider the following left ideal in 88 and closed subspace of 38% 

(7.4) 88 2 ■= {T e ^2 I lim \\TU X - T||| = 0}. 

x^Q 

The following property of 88 2 will be important in what follows: if S*S < TjTj 
for some Tj £ 38 2 , then S £ 88 2 . 

Lemma 7.2 Ifip £ L°°(X*) then ip £ 88\ if and only iftp £ L 2 (X*). /n f/i/s case we 
fcave i/)€f 2 and |||-0(P)ll = II^IU 2 - 

Proof: We have 

||V(P)V fc /|| 2 dA = / ||V fc V(P)V fc /|| 2 dA = / ||^(P + fc)/|| 2 dfc 

|2|?/„\|2 



= II^IU^x-jII/IIl^x*) = II^IIl 2 (x*)II/IIl2 (x) . 

Then \\ip(P)U x — ^>(P)||| = II ^ — V'lU 2 where x is identified with the map k i— > k(x) 
on X* , we clearly get ip £ J?2- ' 



Definition 7.3 ^1 is f/ze linear subspace of 83 generated by the operators of the form 
S*T with S,T £ 

The polarization identity 

3 

(7.5) 4S**T = i m ii m S + T)*{i m S + T) 

m=0 

shows that 881 is linearly generated by the operators of the form S*S with 5 £ 38 2 . 
We recall that a subset c g C 38 is called hereditary if: < S < T £ & => S £ . 

Lemma 7.4 88\ is an hereditary *-subalgebra of 88. If S > then S £ 88\ if and 
only ifVS £ 882. If S £ 881 then U x SU y £ 881 for all x, y £ X. 

Proof: The fact that 88\ is a linear space and that S* £ 38 \ if S £ 88\ is obvious. 38\ is 
stable under multiplication because for S,T £ 882 we have S*ST*T = S* ■ ST*T £ 
881 the space 882 being a left ideal. 

We prove now that if S > and S £ 38\ then \[S £ 882 (the reverse implication 
being obvious). Since S £ 38\ we have S = £™ =1 -V,.S'\S', with Xj £ C and Sj £ 88 2 - 
If S = S* then by taking the real parts we may assume that Xj £ M. Then 

5 =(E + E)w.< E 

Aj>0 Aj<0 Aj>0 
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which implies y/S £ 382 by the property mentioned after J7.4I . 

Finally, if < S < T £ 38 x then \JT £ 38 2 , so S £ 38 \ by the same property. ■ 

Let T £ 38\ and let us write T = YTj=\ S j T j with Sj, T j G ^2. Then if f,g G W: 

/ |(y fc /,ri4 ff )|dfc < E(/ Il^i4/ll 2 dfc) (/ HT^lpd*) 

J X* j—\ ^ X* <J X* 

n 

< Y.\\ s MTj\\\\f\\h\\<™- 

3=1 

From the operator version of the Riesz lemma it follows that there is a unique operator 
J^(T) G ^(X) such that 

(/, S{T)g) = f (V k f, TV k g) dk for all f,g£H. 
Jx* 

In other terms, we see that the strongly continuous map k >— > V?TVk is such that the 
integral 

(7.6) S(T) = / V k *TV k dk 

Jx* 

exists in the weak operator topology of 33(X). It is clear that for all T £ 382 we have 

(7.7) \\y(T*T)\\ 1/2 = \\T\l 
Moreover, the computation done above gives for S,T £ 382 : 

(7.8) \\*(S*T)\\ < \\S\l ||T|||. 

Example 7.5 If 5 G ^(X) and £,77 G L°°(X*) n L 2 {X*) then £{P)Sr](P) £ 38 x 
and 

(7.9) || ,y(ap)Sv(P))\\ < \\s\\ UWwMw). 

Indeed, we write ^(P)Srj(P) = (5*f(P))* r](P) and use EB} and LemmafO 

Lemma 7.6 TjfT G 38\ then (x, y) 1— ► .y (U x TU y ) is bounded and norm continuous. 

Proof: Due to ( 17. 8t it suffices to assume that T = S*S for some S £ SS2 and to show 
continuity at x = y = of the map (x, y) 1— ► ^(S*S y ) with 5 X = 5J7 X . Then 

11^(5*5^-^(5*5)11 < ||>((5 s -5r5 !/ )|| + ||^(5*(5 !/ -5))|| 
< |||5 a -5|||I5||| + |||5||||5 y -5||| 

because of the estimate J7.8I . B 

Proposition 7.7 7/T G ^1 f/ien J^(T) G C(X) andU*J?{T)U x = J?(U*TU x )for 
all x £ X. The map J? : 38\ — > C(X) is linear and positive. 
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Proof: We clearly have V k J{T)V k = J?(T) for all keX*. Since the Von Neumann 
algebra generated by {V k } keX * is just L°°(X), we get <p(Q)S(T) = S{T)<p{Q) for 
all ip G L°°(X). But L°°(X) is maximal abelian in $8, thus J{T) G From 
ED we g et U*V^TV k U x = V k *U*TU x V k hence J(XJ* X TU X ) = U*J{T)U X . Since 
</? G if and only if 93 G L°°(X) and a; i— > U*ip(Q)U x is norm continuous, we get 

J?(T) G C(-X'). The last assertion of the proposition is obvious. H 

Remark 7.8 In a similar way we can associate an hereditary *-subalgebra 38° to 38% 
and define an extension of J* to it, but then we only have J 1 : SS X — > L°°(X). If X is 
a discrete group, then ^1 = ^ and ^ is a conditional expectation. 

For Tefi and for x G X we set T (x) := J{TU*), so that we associate to T a 
function T : X — > C(X) which, by Lemma l7~6l is bounded and norm continuous. Let 
T be the Fourier transform of the function k 1— > V k *TV k , more precisely 

T(s) = / k{x)V k *TV k dk 
Jx* 

where the integral exists in the weak operator topology. From I7.U we get 

(7.10) T(x)=T{x)U*. 

so that T is a kind of twisted Fourier transform. Now the inversion formula for the 
Fourier transform gives us a formal relation 

(7.11) T= { T(x)U x 6x 

Jx 

whose rigorous meaning is given below. 

Lemma 7.9 For each T G 38 \ and 9 G ^(X) we have 

(7.12) / f(x)U x 9(x)dx = I V k TV k 9{k)dk 
Jx Jx* 

where both integrals exist in the weak operator topology. 
Proof: For each / G H, 

[ (f,T (x)U x f)6(x)dx = [ (f {V k f,Tk{x)V k f)dk\e{x)dx 

J X J X <j X* 

= j (J Mxj(V k f,TV k f)dkje{x)dx. 

Since 9 G L X (X) and the functi on k t -> (V k f, TV k f) is in L X (X*), we can apply the 
Fubini theorem and get thus get J7.121 . H 

Let us remark that the l.h.s. of the identity (I7.12> always exists in the strong operator 
topology, and the same is true for the r.h.s. if 9 G ^(X*). We recall the following 
result (see e.g. IFoll Lemma 4. 19]). 
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Lemma 7.10 Let A C X* be a neighborhood of the neutral element in X* and let 
e > 0. Then there is 9 G C C (X) such that 6 > 0, 9 G L 1 (X*), J x , 9 (k) dk = 1, and 
f x , XA 6(k)dk<e. 

The next version of the Fourier inversion formula is an easy consequence of Lem- 
masl7"giand l7~TUl 

Proposition 7.11 IfT G S$\ and k V^TVk is norm continuous, then T is a norm 
limit of operators of the form J x T(x)U x 9{x) Ax with 9 G C C X and 9 G L 1 (X*) 

Lemma 7.12 Lettp G C (X*) andT G Then if 9 G L l {X) and 9 G L 1 {X*) the 
integral J x T (x)U x ip(P)9(x) dx exists in the norm operator topology and J? '{T)ij){P) 
is a norm limit of such integrals. 

Proof: The map x i— > U x tp(P) is norm continuous if i/> G Co(X*), hence the integrand 
is norm continuous. The last assertion follows by choosing 9 as in Lemma 17.101 but 
with the roles of X and X* inverted. H 

7.3. We are now ready to prove Landstad's theorem (Theorem l3.7> . From now on, &/ 
and A are as in that theorem. 

Lemma 7.13 si is a non-degenerate Co(X*)-bitnodule. More precisely, if A G s$ 
and tp G Cq(X*) then Aip(P) G ip{P)A G si and A is a limit of operators of the 
form AtJj(P) and of operators of the form ip(P)A. 

Proof: It is clearly sufficient to consider only the right action and, since each ip G 
Cq(X*) is limit in the sup norm of functions whose Fourier transform is integrable, we 
may assume ip G Then Aip(P) = J x AU x ip (x) dx, we have AU X G s/ and 

the integral converges in norm by the second assumption of Theorem l3.7l so Atp(P) G 
s/. Bytakingi/; = |i^| _1 l/<, where K runs over the set of compact neighbourhoods of 
the origin in X, and by taking into account the norm continuity of the map x i— > AU X , 
we see that A is a norm limit of operators of the form Aip(P). H 

Lemma 7.14 A is an X-subalgebra ofC(X). 

Proof: It is clear that A is a norm closed subspace of C(X) stable under conjugation 
and stable under translations (note that (T x ip)(Q) — U x ip(Q)U x ). To show that it is 
stable under multiplication, let tpx, ip2 G A and ip G Cq(X*). Since (f2(Q)ip(P) G sf 
we can write it as a norm limit of operators of the form £(P)A with £ G Cq(X*) 
and A G sf, so that ipi(Q)if2(Q)ip(P) is a norm limit of operators of the form 
fi (Q)$( P )A which belong to s/. ■ 

Now we may consider the crossed product A x X, this is the norm closed subspace 
of &g(X) generated by the operators tp(Q)ip(P) with ip £ A and ip G C (X*). We 
clearly have A x X C s/ and it remains to prove the reverse inclusion. 

Lemma 7.15 IfT G st n SB\ then S(T) G A 
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Proof: Due to Propositionl777lit suffices to show that J?(T)ib(P) G xfifip G C (X*). 
Because of Lemma 17.121 it is enough to prove that J x T(x)U x ip(P)6(x) dx G s/ if 
9 G andtf G But d7~T2l implies: 

/ T(x)U x tp(P)9(x)dx = [ V£TVkip(P)0(k) dk. 
Jx Jx 

Since V£TVkip(P) G si and is a norm continuous function of fc the last integral 
belongs to si ' . H 

Lemma 7.16 IfTes/D 3§ x then Tip(P) eix X/or a// i/j G C (X*). 

Proof: We shall have TU* hence f(x) = J?{TU*) G A and thus the 

map T : X — > A is bounded and norm continuous. On the other hand, Proposition 
17. Ill shows that for each ip G Cq(X*) the operator Ttp(P) is a norm limit of inte- 
grals J x f(x)U x ip(P)6(x)dx. But U x ip(P) G C (X*) and the map x U x tp(P) 
is norm continuous, thus the preceding integral converges in norm. Also, we have 
T(x)U x ip(P) G .4 xi X for each a;, thus the integral belongs to A xi X. I 

Now we prove si cisnl. For this it suffices to find a dense subset of si which 
is included in A xi X. The Example l7.5l and Lemma l7 . 1 3l implv that fl 3$\ is a dense 
subspace of si ' . Thus if suffices to show that si n .#l C ^4 x X, But this follows from 
Lemma f? . 1 6l because each T G si is a norm limit of operators of the form Tip(P) with 
V G C (X*). 
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